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Abstract

We study the solutions of certain congruences in different rings. The congruences include

ap−1 ≡ 1 (mod p2),

for integer a > 1 and prime p with p - a, and

aϕ(m) ≡ 1 (mod m2),

for integer m with (a,m) = 1, where ϕ is Euler’s totient function. The solutions of these

congruences lead to Wieferich primes and Wieferich numbers. In another direction this

thesis explores the extensions of these concepts to other number fields such as quadratic

fields of class number one. We also study the solutions of the congruence

gm−gn ≡ 0 (mod f m− f n),

where m and n are two distinct natural numbers and f and g are two relatively prime poly-

nomials with coefficients in the field of complex numbers.
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Notation

• Throughout this thesis, unless otherwise stated, p is a prime, a,m, and k are integers

greater than 1, and x is a positive real number.

• We use the conventional asymptotic notations of analytic number theory. For two real

functions f and g, we write f (x) =O(g(x)) or f (x)� g(x), if there exists a positive

real constant C such that

| f (x)| ≤C|g(x)|,

for sufficiently large values of x. We write f (x) = Oα(g(x)) or f (x)�α g(x) to denote

the dependence of the constant C to the parameter α. We also write f (x) = o(g(x)) if

lim
x→∞

f (x)
g(x)

= 0.

By f (x)∼ g(x) as x→ ∞ we mean that

lim
x→∞

f (x)
g(x)

= 1.

• By Wa(x) we denote the set of Wieferich primes in base a up to x. More precisely,

Wa(x) = {p≤ x ; ap−1 ≡ 1 (mod p2)}.

In the same way we denote the set of non-Wieferich primes up to x, in base a, by

W c
a (x). Also we denote by W c

a,k(x) the set of non-Wieferich primes up to x, in base

a, in the arithmetic progressions p≡ 1 (mod k). Moreover, by Wa and W c
a we mean,

respectively, the set of Wieferich primes in base a and the set of non-Wieferich primes
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NOTATION

in base a.

• We write rad(n) to denote the radical of an integer n = pα1
1 · · · p

αk
k , that is defined as

rad(n) = p1 · · · pk.

• The quality of a positive integer n is denoted by λ(n), that is defined as

λ(n) =
logn

lograd(n)
.

• For an natural number n, the n-th cyclotomic polynomial, Φn(x), is defined as

Φn(x) = ∏
1≤k≤n

gcd(k,n)=1

(x− e
2kπi

n ).

• The order of a mod p, denoted ordp(a), is the smallest positive integer k for which

ak ≡ 1 (mod p).

• By ϕ(x) we denote the Euler-totient function.

• We denote the Euler quotient for two relatively prime integers a and m by q(a,m),

which is defined as

q(a,m) =
aϕ(m)−1

m
.

For prime m, the Euler quotient is called the Fermat quotient.

• We denote the set of Wieferich numbers up to x, in base a, by Na(x), which is defined

as

Na(x) = {m≤ x ; aϕ(m) ≡ 1 (mod m2)}.
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NOTATION

In the same fashion, we define the set of non-Wieferich numbers up to x, in base a,

and denote it by Nc
a(x). Moreover, Na and Nc

a are the set of Wieferich numbers in base

a and the set of non-Wieferich numbers in base a.

• The largest power of p in an integer n is denoted by νp(n).

• A modified form of the Fermat quotient is denoted by q(a, p) and is

q(a, p) =

 q(a, p) if p 6= 2 or p = 2 and a≡ 1 (mod 4),

a+1
2 if p = 2 and a≡ 3 (mod 4).

• The set Sa is the set of primes generated by primes in Wa. It is defined inductively as

follows. Let

S(0)
a =

 Wa∪{2} if ν2(q(a,2))≥ 1,

Wa otherwise.

For i≥ 1, let

S(i)
a = {p ; p|q−1 where q ∈ S(i−1)

a }.

Then, we define Sa = ∪∞
i=0S(i)

a .

• An algebraic number field is denoted by K and its ring of integers by OK.

• The norm of an ideal a is denoted by N(a) and is defined it as |OK/a|.

• By 〈π〉 we mean the ideal generated by π.

• The generalized Euler totient function for an ideal a is denoted by ϕ(a) and is defined

as

ϕ(a) = N(a)∏
p|a

(
1− 1

N(p)

)
,

where p is a prime ideal divisor of a.
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NOTATION

• We denote the set of K-Wieferich primes in base α with norm not exceeding x by

Wα(K,x). It is defined as

Wα(K,x) = {π ∈OK ; N(π)≤ x and α
N(π)−1 ≡ 1 (mod π

2)}.

• By hK we denote the class number of a number field K.

• We denote a quadratic field by Q(
√

m), where m is a square-free integer.

• We write Gal(Q(
√

m)/Q) for the Galois group of the extension Q(
√

m)/Q.

• By Q(i) we denote the Gaussian rational field which is

Q(i) = {a+bi ; a,b ∈Q}.

We denote its ring of integers by Z[i] and it is called the Gaussian integers.

• We write C[x] to denote the ring of polynomials with the coefficients in C.

• If

f (x) = α∏
i

(x−αi),

where α ∈ C and αi’s are distinct numbers in C, then we define the radical of f by

rad( f ) = ∏
i

(x−αi).

• The degree of a polynomial in C[x] is denoted by deg( f ).

• We write f (i)(x) to denote the i-th derivative of f at x.
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Chapter 1

Introduction and statement of results

1.1 Wieferich primes and Wieferich numbers

The study of primes has fascinated humans from early times. The primes were exten-

sively studied by ancient Greek mathematicians. The fundamental theorem of arithmetic

that every integer greater than 1 can be written uniquely as the product of certain primes, is

first stated in Euclid’s Elements [8]. Some important classes of primes include, primes in

arithmetic progressions, Mersenne primes, Wilson primes, and twin primes. A sequence of

primes that is of our interest in this thesis is the so-called Wieferich primes. An odd prime

p is called a Wieferich prime (in base 2), if 2p−1 ≡ 1 (mod p2). These primes first were

considered by Arthur Wieferich in 1909, while he was working on a proof of Fermat’s last

theorem. Fermat in 1637, in the margin of his copy of Diophantus’s Arithmetica, stated that

the equation an +bn = cn, for n > 2, has no integer solutions (a,b,c), with abc 6= 0. Despite

claiming that he knew the proof, he did not provide it. This statement became famous as

Fermat’s last theorem. Sophie Germain was one of the mathematicians who had worked

on Fermat’s last theorem (see [7] for a historical account). She showed that Fermat’s last

theorem can be divided into two cases and she proved the first case for p < 100 ( More pre-

cisely, the first case is the statement taht the equation ap +bp = cp has no nontrivial solution

(a,b,c) where p - abc). Fermat’s last Theorem, also received the attention of Wieferich. In

[26] he proved that if for a prime exponent p the first case of Fermat’s last theorem is false

then p must satisfy the congruence 2p−1 ≡ 1 (mod p2). Such primes have became known

as Wieferich primes.
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1.1. WIEFERICH PRIMES AND WIEFERICH NUMBERS

The notion of Wieferich prime can be generalized to other bases. More precisely, if

ap−1 ≡ 1 (mod p2) for a prime p and an integer a > 1 with (a, p) = 1, then p is called a

Wieferich prime in base a. The only Wieferich primes in base 2 below 4.97×1017 are 1903

and 3511. The sequence of Wieferich primes in base 2 is the sequence A001220 in Sloane’s

encyclopedia.1

It is conjectured that there are infinitely many Wieferich primes in any base. Here we

describe a heuristic that gives us an estimate on the size of the set of Wieferich primes up to

a given real number x. Let a > 1 be a fixed integer, p be a prime number, and Wa(x) be the

set of Wieferich primes up to x. By Fermat’s little theorem the quotient (ap−1−1)/p is an

integer. This is called the Fermat quotient. Under the assumption that the Fermat quotients

are uniformly distributed in residue classes, the probability that (ap−1− 1)/p is divisible

by p is 1/p. Thus,

|Wa(x)| ≈ ∑
p≤x

1
p
∼ log logx.

as x→ ∞. Thus, Wa(x)→ ∞ as x→ ∞.

The above argument also shows that the set of Wieferich primes forms a very thin subset

of primes, since by the prime number theorem the number of primes below x is asymptotic

to x/ logx. Hence, the Wieferich primes in a given base are extremely rare. The largest

number of known Wieferich primes in a given base a (2 ≤ a ≤ 30) is in bases 5 and 25.

There are 7 known Wieferich primes in these two bases. Although it is expected that al-

most all primes are non-Wieferich, currently it is not known unconditionally that there are

infinitely many non-Wieferich primes. The best result in this direction employ some far-

reaching number theoretical conjectures.

To explain the work has been done regarding the size of the set of non-Wieferich primes,

first we need to explain the abc-conjecture. The abc-conjecture was proposed by Oesterlé

[21] and Masser [15] in 1980’s. The conjecture was inspired by a statement related to ellip-

tic curves proposed by Szpiro. The abc-conjecture is one of the most powerful conjectures

1https://oeis.org/A001220
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1.1. WIEFERICH PRIMES AND WIEFERICH NUMBERS

in number theory due to its important consequences. For instance, it implies Fermat’s last

theorem for sufficiently large powers. In order to state the conjecture we need to define the

notion of the radical of an integer. For a positive integer n = pa1
1 · · · p

ak
k , let the radical of

n, denoted by rad(n), be defined as rad(n) = p1 · · · pk. There are several equivalent versions

of the abc-conjecture. The following is the most common form.

Conjecture 1.1 (Masser). Let a,b, and c be such that a+b = c and (a,b,c) = 1. Then, for

ε > 0, we have

max{|a|, |b|, |c|} �ε rad(abc)1+ε.

Let W c
a (x) denote the set of non-Wieferich primes in base a, up to x. In 1988, J. Silver-

man [23] proved the following theorem about the size of the set W c
a (x).

Theorem 1.2 (Silverman). Under the assumption of the abc-conjecture, we have

|W c
a (x)|= |{p ; p≤ x and ap−1 6≡ 1 (mod p2)}| �a logx,

as x→ ∞.

Following the general approach of the above theorem, H. Graves and M. Ram Murty

considered the finer problem regarding the size of the set of non-Wieferich primes in an

arithmetic progression. More precisely, let W c
a,k(x) be the set of non-Wieferich primes up

to x, in base a, in the arithmetic progression p ≡ 1 (mod k) for an integer k > 1. The

following result is proved in [9].

Theorem 1.3 (Graves-Murty). Let k,a > 1 be integers. Under the assumption of the abc-

conjecture we have

|W c
a,k(x)|= |{p ≤ x ; p≡ 1 (mod k) and ap−1 6≡ 1 (mod p2)}| �a,k

logx
log logx

,

as x→ ∞

3



1.1. WIEFERICH PRIMES AND WIEFERICH NUMBERS

In Chapter 2 we give an improvement of the above theorem.

Theorem 1.4. Under the assumptions of Theorem 1.3, we have

|W c
a,k(x)| �a,k logx,

as x→ ∞.

In [6], J. De Koninck and N. Doyon showed that one can obtain the result of Theorem

1.2 under an assumption weaker than the abc-conjecture. (The main result of [6] is written

in base 2, however the method works for any base a > 1.) In order to describe their result

we need to introduce a new concept. The quality of an integer n, denoted λ(n), is defined

as

λ(n) =
logn

lograd(n)
.

In [6, Theorem 3] the following result stated.

Theorem 1.5 (De Koninck-Doyon). Let 0 < ε < 1 be a fixed number such the set

{n ∈ N ; λ(2n−1) < 2− ε}

has density 1. That is,

lim
x→∞

|{n≤ x ; λ(2n−1) < 2− ε}|
x

= 1.

Then,

|W c
2 (x)|= |{p ; p≤ x and 2p−1 6≡ 1 (mod p2)}| � logx,

as x→ ∞.

Inspired by the above theorem we prove the result of Theorem 1.4 under an assumption

different from the abc-conjecture. In order to describe our new assumption we need to

4



1.1. WIEFERICH PRIMES AND WIEFERICH NUMBERS

consider the cyclotomic polynomials. The polynomial

Φn(x) = ∏
1≤k≤n

gcd(k,n)=1

(x− e
2kπi

n )

is called the n-th cyclotomic polynomial. It is known that Φn(x) ∈ Z[x], the ring of poly-

nomials with integer coefficients. Thus, Φn(a) is an integer for a ∈ Z. We propose the

following assumption.

Conjecture 1.6. Let a≥ 1 be an integer and 0 < ε < 1. Then, there exists an integer n0 =

n0(a,ε), such that for n≥ n0 we have

λ(|Φn(a)|) < 2− ε.

We have done extensive computations in SAGE to provide evidence for the above con-

jecture. We have gathered a summary of our experiments in Table A.1. More precisely,

we computed λ(|Φn(a)|), for n up to 110, for 2 ≤ a ≤ 20, and for 21 ≤ a ≤ 100 we com-

puted λ(|Φn(a)|) for n up to 60. In Table A.1 we have recorded all the cases for which

λ(|Φn(a)|) ≥ 2. As it is evident from from Table A.1 in the majority of cases we did not

have any outcome. Also for different a, the largest n that λ(|Φn(a)|) is equal or greater than

2 is 6. This indicates that for any a > 1, when n gets large λ(|Φn(a)|) stays smaller than 2.

In Chapter 2 in Proposition 2.13 we will show that under the abc-conjecture λ(|Φp(a)|)<

1 + ε, for prime p. In other words, the abc-conjecture implies Conjecture 1.6, when n is

prime.

We prove the following result in Chapter 2.

Theorem 1.7. Under the assumption of Conjecture 1.6 we have

|W c
a,k(x)| �a logx.

5



1.1. WIEFERICH PRIMES AND WIEFERICH NUMBERS

More precisely, for any ε > 0, we have

|W c
a,k(x)| ≥

9ϕ(k)2

(πk)4

(
1− ε

2− ε

)2(
1+Oa,k

(
log logx

logx

))
loga x,

as x→ ∞, where ϕ(k) is the Euler totient function.

One can define the concept of Wieferich numbers in a similar fashion as Wieferich

primes. Let m,a > 1 be integers with (a,m) = 1. By the Euler theorem we have aϕ(m) ≡ 1

(mod m). The integer

q(a,m) =
aϕ(m)−1

m
(1.1)

is called the Euler quotient of m in base a. An integer m > 1 is called a Wieferich number

in base a if q(a,m) ≡ 0 (mod m). T. Agoh, K. Dilcher and L. Skula studied Wieferich

numbers and developed a criterion that determines them (see [1, Theorem 5.5]). Using

this criterion, they showed that Wieferich numbers are closely related to Wieferich primes.

For example it can be shown that, if the set of Wieferich primes is finite, then the set of

Wieferich numbers is also finite. In [1, Page 47], given the two known Wieferich primes in

base 2, all the known Wieferich numbers are determined. There are a total of 104 known

Wieferich numbers in base 2. By employing the criterion for Wieferich numbers, W. Banks,

F. Luca and I. Shparlinski in [3, Theorem 9] found an upper bound for the number of

Wieferich numbers in base 2, given that there are finitely many Wieferich primes. More

precisely, let W2 be the set of Wieferich primes in base 2 and N2 be the set of Wieferich

numbers in base 2. Then the following is Theorem 9 of [3].

Theorem 1.8 (Banks-Luca-Shparlinski ). If W2 is a finite set, then N2 is also finite. More-

over, let

M = ∏
p≤w0

(p−1),

6



1.1. WIEFERICH PRIMES AND WIEFERICH NUMBERS

where w0 is the largest Wieferich prime in base 2. Then we have

maxN2 ≤ 2w0|W2|M,

where maxN2 := maxx∈N2 x.

Theorem 1.8 can be generalized to any base a. More precisely, let Wa and Na be the set

of Wieferich primes in base a and Wieferich numbers in base a respectively. Then Na is a

finite set if Wa is finite. Moreover, we have

maxNa ≤ awa|Wa| ∏
p≤wa

(p−1), (1.2)

where wa is the largest Wieferich prime in base a.

In Chapter 2, we find an exact expression for max Na. To explain our result first we

introduce some notations. For a prime p and positive integer n we denote the largest power

of p in n by νp(n). Denoting the Fermat quotient (i.e. the Euler quotient for m = p prime)

by q(a, p) for an integer a > 1 and a prime p, for our purpose, we introduce a modified

version of it as follows.

q(a, p) =

 q(a, p) if p 6= 2 or p = 2 and a≡ 1 (mod 4),

a+1
2 if p = 2 and a≡ 3 (mod 4).

Lastly, we define the sequence S(n)
a by the following procedure. Let

S(0)
a =

 Wa∪{2} if ν2(q(a,2))≥ 1,

Wa otherwise.

For i≥ 1, let

S(i)
a = {p; p|q−1, where q ∈ S(i−1)

a }.

7



1.1. WIEFERICH PRIMES AND WIEFERICH NUMBERS

Let Sa =
S

∞
i=0 S(i)

a . We call Sa the set of primes generated by the set of primes in Wa. In

Chapter 2 (Lemma 2.20) we prove that every prime divisor of a Wieferich number in base

a, is in Sa. We use this fact to provide an exact expression for max Na.

Theorem 1.9. If Wa is a finite set, then Na is also finite. Moreover, we have

maxNa = ∏
p∈Sa
p-a

pνp(M)+νp(q(a,p))

= ∏
p∈S(0)

a

pνp(M)+νp(q(a,p))
∏

p∈SarS(0)
a

p-a

pνp(M),

where M = ∏p∈Sa
p-a

(p−1).

By employing the above theorem, we calculated the largest known Wieferich numbers

in different bases, using the known Wieferich primes in each base. We collected our results

in Table A.2. We wrote a program in MAPLE to produce the maximum element of the set

Na for any base a from 2 to 30. In some bases the known Wieferich primes are too large

and thus we could not compute νp(ap−1−1). Because of this we were not able to compute

the largest known Wieferich numbers in these bases. Therefore, we did not include those

bases in the table.

By a rough heuristic like the one for the number of Wieferich primes, we can find a

possible bound on the size of the set of Wieferich numbers. More precisely, let

Na(x) = {m≤ x ; aϕ(m) ≡ 1 (mod m2)}.

Then, if we assume that the Euler quotients are uniformly distributed in residue classes mod

an integer m, then the probability that an Euler quotient falls into the residue class zero mod

8



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

m is 1/m. Hence,

|Na(x)| ≈ ∑
m≤x

1
m
∼ logx, (1.3)

as x→ ∞. Thus, it is expected that |Na(x)| → ∞ as x→ ∞.

Based on the heuristic described before for the size of the set of Wieferich primes, we

present a conditional result for the size of the set of Wieferich numbers in any base.

Theorem 1.10. If

ca log logx≤ |Wa(x)| ≤ da log logx,

then

|Na(x)| ≥ (logx)ca log2+o(1)−1,

where ca and da are positive constants.

The case a = 2 of the above result (without the upper bound assumption on |W2(x)|) is

Theorem 8 of [3]. W. Banks, F. Luca and I. Shparlinski in [3] also obtained an uncondi-

tional lower bound, for the set of non-Wieferich numbers in base 2, denoted by Nc
2(x). We

generalize Theorem 5 of [3] to any base a > 1. Our proof of the following theorem follows

closely the base 2 proof, although our O-term in the lower bound is different from the one

in Theorem 5 of [3].

Theorem 1.11. We have

|Nc
a(x)| ≥ xexp

(
−2(loga)1/2(log logx)1/2 +O(log loglogx)

)
.

1.2 Wieferich primes and Wieferich numbers in number fields

Before we define the concept of a Wieferich prime in a number field, we need to present

some notations and definitions. For θ ∈C, let K = Q(θ) be a number field of degree n with

the ring of integer OK. We define the congruence modulo an ideal a of OK as follows. Let

9



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

α,β∈OK be two arbitrary elements. We write α≡ β (mod OK) if and only if α−β∈OK.

Moreover, the norm of an ideal a is defined as

N(a) = |OK/a| .

One can define the prime ideal as follows. Let a 6= OK and b,c be three ideals in OK. Then

a is a prime ideal if bc⊆ a implies b⊆ a or c⊆ a. It can be shown [24, Theorem 5.5] that

every non-zero ideal I can be written uniquely as a product of prime ideals.

We define the generalized Euler totient function for an ideal a in a number field OK as

ϕ(a) = N(a)∏
p|a

(
1− 1

N(p)

)
,

where p is a prime divisor of a.

If gcd(〈α〉,a) = 1 where 〈α〉 is the ideal generated by α, it is known that

α
ϕ(a) ≡ 1 (mod a) (1.4)

(see [19, Theorem 1.19] for a proof).

An element π ∈ K is called prime if π|αβ then π|α or π|β. It is straightforward to show

that if π is a prime element then 〈π〉 is a prime ideal. For a prime element π ∈OK such that

(〈π〉,〈α〉) = 1, by (1.4), we have

α
ϕ(〈π〉) = α

N(〈π〉)−1 ≡ 1 (mod 〈π〉).

We call π ∈OK a K- Wieferich prime in base α ∈OK if π - α and

α
N(〈π〉)−1 ≡ 1 (mod 〈π2〉). (1.5)

10



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

Observe that if π is a K-Wieferich prime in a base α, then επ, for a unit ε ∈OK, is also a

Wieferich prime in base α. Thus, from now on we consider Wieferich primes up to units.

Note that (1.5) holds if and only if

π
2|αN(〈π〉)−1−1.

For simplicity from now on we denote N(〈π〉) by N(π) and we write (1.5) as

α
N(π)−1 ≡ 1 (mod π

2).

Let

Wα(K,x) = {π ∈OK ; N(π)≤ x and α
N(π)−1 ≡ 1 (mod π

2)},

be the set of K-Wieferich primes in base α with norm not exceeding x. A heuristic argument

similar to the one described for the case K = Q implies that

|Wα(K,x)| ≈ ∑
N(π)≤x

1
N(π)

,

as x→ ∞. If OK is a principal ideal domain, then

∑
N(π)≤x

1
N(π)

∼ log logx,

as x→ ∞. (See [22] for the asymptotic relation) Thus, in this case it is expected that

|Wα(K,x)| ≈ log logx,

as x→ ∞.

Example 1.12. For K = Q(i), the only K-Wieferich primes in base 1 + i of norm not ex-

ceeding 4000 are 33− 2i and 33 + 2i. Also the only K-Wieferich primes in base 1 + 2i of

11



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

norm not exceeding 4000 are 1− 4i,−15− 4i, and −19− 10i. In Table A.2 we present

K-Wieferich primes in Q(i) for some different bases. Our search for K-Wieferich primes

include the following steps. Using MAPLE we first find all the primes with norms not ex-

ceeding 4000. Then for a fixed base we check whether or not these primes are K-Wieferich

primes in that base. We order these bases based on their norm in Q(i). We considered all

the norms up to 30. Note that based on Fermat’s theorem on sums of two squares, some

integers can not be written as the sum of two squares. Thus, for some specific integers

a we can not find any element in Q(i) that have norm equal to a. If we could not find a

K-Wieferich prime in the above specified ranges we denoted it by * in Table A.2. Also note

that since (−1)N(π)−1 ≡ 1 (mod π2) for any π with N(π) 6= 2, if π is a K-Wieferich prime

in base α ∈Q(i) then it is a K-Wieferich prime in base −α too. Thus, in Table A.2 for any

base α we did not write the base −α.

One may ask whether the known results for W c
a (x) can be generalized to the case of

W c
α(K,x). Since the best known results for K = Q is conditional to the abc-conjecture, we

expect that the analogue result are conditional too. For generalizations of the abc-conjecture

to the number fields see [10, Page 285].

Let σ1 = id,σ2, · · · ,σn be the n monomorphisms from the degree n number field K to

Q. For α ∈ OK, we call σi(α) a conjugate of α. We know that N(α) = |σ1(α) · · ·σn(α)|

(see [24, Page 54]). Also note that for a unit ε we have N(ε) = 1.

The following result is proved in [12, Theorem 2].

Theorem 1.13 (Kotyada-Muthukrishnan). Suppose that |σ1(ε)| > 1 and |σ j(ε)| < 1 for

all j 6= 1, where ε is a fixed unit of OK. Under the assumption of the abc-conjecture for K,

there are infinitely many non-K-Wieferich primes in base ε.

For a description of the abc-conjecture for K see [10, Section 3]. Note that by [17,

Lemma 8.1.5(b)] in any degree n number field, there exists a unit ε such that |σ1(ε)| > 1

and |σ j(ε)|< 1 for all 1 < j ≤ n. Moreover, if K = Q(
√

m) real quadratic field and ε ∈OK

12



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

is a unit such that |σ1(ε)|> 1, then |σ2(ε)|< 1. In order to show this let ε = a+b
√

m, with

|σ1(ε)|> 1. Note that

N(σ1(ε)) = |σ1(ε)σ2(ε)|= |a2−mb2|= 1.

Thus, if |σ1(ε)| > 1, then |σ2(ε)| < 1. So we have the following corollary of the above

theorem, which is [12, Theorem 1].

Corollary 1.14 (Kotyada-Muthukrishna). Let K = Q(
√

m). Let ε ∈ OK be a unit such

that |ε| > 1. Then under the assumption of the abc-conjecture for K, there are infinitely

many non-K-Wieferich primes in base ε.

To explain our work in Chapter 2 regarding K-Wieferich primes, first we present the

definition of the class group and the class number of a number field. To this aim, we

present some notions. An OK-submodule a of K is called a fractional ideal of OK, if there

exists 0 6= c ∈OK such that a = c−1b for some ideal b of OK. It is known that the non-zero

fractional ideals of OK form an abelian group under multiplication (see [24, Theorem 5.4]).

We denote this group by FK. A fractional ideal a is called principal if a = c−1b for some

principal ideal b of OK. Denoting the set of principal fractional ideals by PK, we have that

PK is a subgroup of FK. The quotient group FK/PK is called the class group of K. It can be

shown that this group is finite (see [24, Theorem 9.7]). The cardinality of the class group

of K is called the class number of K and is denoted by hK.

In Chapter 2 we prove an unconditional result on the relation between Wieferich primes

in an integer base a an K-Wieferich primes in base a when K is a real quadratic field of

class number 1. By [24, Theorem 9.1] a number field has class number one if and only if it

is a principal ideal domain.

It is known that in a degree n algebraic number field K any ideal in OK generated by a

rational prime can be written uniquely as the product of at most n prime ideals of OK (see

[19, Theorem 4.5]). Thus if K is a quadratic field, then for any prime integer p we have one

13



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

of the following three possibilities.

(i) We have pOK = p1p2, where p1 6= p2 are prime ideals of OK. In this case we say that p

is a split prime. Let p1 = 〈π1〉. Then π1 is called a prime of OK above the split prime p. One

can show that N(π1) = p. Moreover, if pOK = 〈π1〉〈π2〉 and σ2 : K → K is the nontrivial

monomorphisms, then σ2(π1) = επ2 for a unit ε ∈OK.

(ii) We have pOK is a prime ideal of OK. In this case we say that p is an inert prime. Let

pOK = 〈π〉. Then π is called a prime of OK above the inert prime p. In this case we have

N(π) = p2.

(iii) We have pOK = p2, where p is a prime ideal of OK. In this case we say that p is a

ramified prime. Let p = 〈π〉. Then π is called a prime of OK above the ramified prime p. In

this case we have N(π) = p.

Having established our terminology we can state our theorem on the relation between

Q-Wieferich primes and Q(
√

m)-Wieferich primes in an integer based a.

Theorem 1.15. Let K = Q(
√

m) with hK = 1. Then the following assertions hold.

(i) Any prime of OK above a Wieferich prime p in an integer base a is a K-Wieferich prime

in base a.

(ii) If π is a K-Wieferich prime in an integer base a above a split prime p, then p is a

Wieferich prime in base a.

We observe that by employing the result of Theorem 1.4 and the above theorem we

can show for K = Q(i), that under the assumption of the abc-conjecture there are infinitely

many non-K-Wieferich primes in an integer base a. More precisely, we prove the following.

Corollary 1.16. Let K = Q(i), and a > 1 be an integer. Assuming the abc-conjecture we

have

|{prime π ∈ Z[i] ; N(π)≤ x and aN(π)−1 6≡ 1 (mod π
2)}| �a logx.

Analogous to the concept of Wieferich numbers we can define the concept of K-Wieferich

numbers in an algebraic number field K. An algebraic integer γ∈OK is called a K-Wieferich

14



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

number in base α ∈OK if (〈γ〉,〈α〉) = 1 and

α
ϕ(〈γ〉) ≡ 1 (mod 〈γ2〉). (1.6)

From now on for simplicity we denote ϕ(〈γ〉) by ϕ(γ). Observe that (3.2) holds if and only

if

γ
2|αϕ(γ)−1.

Thus (1.6) can be written as

α
ϕ(γ) ≡ 1 (mod γ

2).

Next we define two notations. Let γ ∈OK, and π ∈OK be one of its divisors. By νπ(γ) we

denote the largest power of π in γ. Moreover, let α ∈ OK . Similar to the integer case we

consider the Euler quotient (αϕ(γ)−1)/γ of γ in base α and we denote it by q(α,γ).

In [1, Theorem 5.5], T. Agoh, K. Dilcher, and L. Skula presented a criterion for Wieferich

numbers. Analogously we prove the following result for K-Wieferich numbers in the case

that K is a quadratic field of class number one.

Theorem 1.17. Let K = Q(
√

m) with hK = 1. Let γ = π
a1
1 · · ·π

a`
` ∈ OK, where πi’s are

primes above split or odd inert primes. Also let α ∈ OK and (α,γ) = 1. Then γ is a K-

Wieferich number in base α if and only if πi’s satisfy the following conditions :

(i) If πi is a prime above an odd split prime p or if πi is a prime above the split prime p = 2

and α≡ 1 (mod π2
i ), then

ai ≤ νπi(∏
π|γ

(N(π)−1))+νπi(q(α,πi)).

(ii) If πi is a prime above the split prime p = 2 and α≡ 1+πi (mod π2
i ), then

ai ≤ νπi(∏
π|γ

(N(π)−1))+νπi(α
N(πi)−1) +1)−1.

15



1.2. WIEFERICH PRIMES AND WIEFERICH NUMBERS IN NUMBER FIELDS

(iii) If πi is a prime above an odd inert prime p, then

2νπi(∏
π|γ

(N(π)−1))+νπi(q(α,πi))≥ 1

Note that the result of the above theorem remains the same if we consider another

factorization of γ to product of primes. Observe that since hK = 1, the prime factorization

is unique up to units.

Recall that for ordinary integers it is not known that whether or not there are infinitely

many Wieferich numbers. However by part (iii) of the above theorem we can show that

there are infinitely many K-Wieferich numbers in certain bases, when K = Q(i). More

precisely, if for a prime π above an odd inert prime, πaω is a K-Wieferich number in base α,

then by part (iii) of Theorem 3.6, πamω, for any integer m≥ 1, are K-Wieferich numbers. In

such case the set of K-Wieferich numbers are infinite. For example we have the following.

Corollary 1.18. There are infinitely many Q(i)-Wieferich numbers in base 1+ i.

Using this fact, in Table A.4 we present some examples of base α in which there are

infinitely many K-Wieferich numbers in base α in K = Q(i). Moreover, in each base we

present a Wieferich number which has an inert prime as a divisor.

As an application of Theorem 1.17 we prove an analogous of [1, Theorem 5.5] for

the quadratic fields, which indicates that any prime divisor of maximum norm of certain

K-Wieferich numbers are K-Wieferich primes.

Theorem 1.19. Let K = Q(
√

m) be a quadratic field with hK = 1. Let γ = π
a1
1 · · ·π

ak
k ∈OK

be such that πi, for 1 ≤ i ≤ k, is a prime above an odd inert or on odd split prime p.

Consider the set

Π(γ) = {πi ; 1≤ i≤ k and πi has the maximum norm among the prime divisors o f γ}.

If γ is a K-Wieferich number in base α ∈OK, then any πi ∈Π(γ) that is above an odd split
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prime, is a K-Wieferich prime in base α.

1.3 An exponential congruence in C[x]

Let

C[x] = { f (x) = a0 +a1x+ · · ·+anxn ; ai ∈ C and n ∈ N}

be the ring of polynomials with coefficients in the set of complex numbers C. It is known

that C[x] is a Euclidean domain, and consequently it is a principal ideal domain, and thus

it is a unique factorization domain. Unlike the case of algebraic number fields analogies of

Fermat’s little theorem and Euler’s theorem do not hold in the ring C[x]. More precisely,

for any prime ideal 〈x−α〉 where α ∈ C we have

C[x]
〈x−α〉

∼= C.

Thus, we can not define norm of such ideals, since, the above quotient is infinite. Thus, we

cannot generalize the concepts of Wieferich primes and Wieferich numbers to C[x]. Instead

in the final Chapter of this thesis, we study in C[x] an exponential congruence different from

Wieferich congruences.

In 2011 M. Ram Murty and V. Kumar Murty [18] proved the following.

Theorem 1.20 (Murty-Murty). There are only finitely many pairs (m,n), with m,n≥ 0 ∈

Z, such that 2m−2n|3m−3n.

This theorem originated from a problem proposed by Ruderman in 1974.

Problem 1.21 (Ruderman). Let m > n ≥ 0 ∈ Z, such that 2m− 2n|3m− 3n. Then 2m−

2n|xm− xn, for all natural numbers x.

This problem has not been solved yet. In Chapter 3 we will find an analogue of Theorem

1.20 for polynomials in C[x].

17
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Theorem 1.22. Let f ,g ∈ C[x], be two relatively prime polynomials with deg f ≤ degg.

Then, there are only finitely many pairs (m,n), where m > n≥ 0, such that

f m− f n|gm−gn. (1.7)

One of the main ingredients of our proof is an upper bound for the degree of the greatest

common divisor of f n−1 and gn−1, due to N. Ailon and Z. Rudnick [2, Theorem 1].

Theorem 1.23 (Ailon-Rudnick). Let f ,g ∈C[x] be two multiplicatively independent poly-

nomials. Then there exists an absolute constant, depending only on f and g, such that

deg(gcd( f n−1,gn−1)) < C( f ,g). (1.8)

Unfortunately due to ineffectiveness of the upper bound in (1.8), our proof of Theorem

1.22 is ineffective. In other words given f and g in Theorem 1.22 we cannot explicitly write

down all the possible solutions (m,n) of the congruence

f m− f n ≡ 0 (mod gm−gn).

In order to remedy this situation, we employ a theorem due to Mason and following the

ideas of [18], we prove an effective result related to Theorem 1.22.

Theorem 1.24. Let f ,g ∈C[x] be two relatively prime polynomials with deg f ≤ degg. For

a natural number k we have

deg(gcd( f k−1,gk−1)) <
k +2

2
degg.

Using this theorem we find an explicit bound for m− n, where (m,n) is a solution of

(1.7). In certain cases this enables us to find all pairs satisfying (1.7). More precisely, using

the following theorem we can effectively solve the congruence (1.7) for such cases.
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Theorem 1.25. Let f and g be two polynomials in C[x] which are relatively prime and

1
2

degg < deg f ≤ degg.

If m > n≥ 0 be such that

f m− f n|gm−gn,

then we have

n <
(degg+deg(rad(g))deg f )degg

(deg f − 1
2 degg)deg f

and

m <
degg+deg(rad(g))deg f

deg f − 1
2 degg

(
1+

degg
deg f

)
.

In the above theorem rad(g) = ∏i(x−αi) if g = α∏i(x−αi)ni for α,αi ∈C and ni ∈N,

where α′is are distinct. By employing Theorem 1.25 we have found all the pairs (m,n) for

given polynomials f ,g ∈ Z[x] of degrees less than 6 and with coefficients in N∩ [1,5], such

that gcd( f ,g) = 1 and f m− f n|gm−gn. We recorded the cases with the only solution (2,0)

in Table A.5.
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Chapter 2

Wieferich primes and Wieferich
numbers

Recall that

W c
a,k(x) = {p≤ x; p≡ 1 (mod k) and ap−1 6≡ 1 (mod p2)}

is the set of non-Wieferich primes up to x, in the congruence class 1 mod k. Our first goal

in this chapter is to give an improvement to the lower bound of Graves and Murty [9] for

the size of the set W c
a,k(x).

2.1 An improvement of Graves-Murty lower bound

Here we describe an argument that improves the lower bound in the Graves-Murty re-

sult,

|W c
a,k(x)| �a,k

logx
log logx

,

to logx. To start recall the common form of the abc-conjecture.

Conjecture 2.1 (Masser). Let a,b and c be such that a+b = c and (a,b,c) = 1. Then, for

ε > 0, we have

max{|a|, |b|, |c|} �ε rad(abc)1+ε.

Under the assumption of the abc-conjecture we prove the following theorem.
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Theorem 2.2. Let a > 1 be a fixed non-zero integer. If the abc-conjecture is true, then we

have

|W c
a,k(x)| �a,k logx,

as x→ ∞.

In order to prove this theorem, we need to set up our notation and state some lemmas.

Let the powerful part of n be defined as

n1 = ∏
νp(n)≥2

pνp(n).

We call n/n1 the squarefree part of the integer n. Every integer can be written uniquely as

the product of its powerful part and its squarefree part.

Recall that

Φn(x) = ∏
1≤k≤n

gcd(k,n)=1

(x− e
2kπi

n )

is the n-th cyclotomic polynomial. It can be shown that

∏
d|n

Φd(x) = xn−1, (2.1)

(see [14, Page 279] for a proof). For an integer a > 1 we write Un = Φn(a)/Vn where Vn is

the powerful part of Φn(a). Also we write an−1 = unvn, where un and vn are powerful and

squarefree part of an−1. The next three lemmas give us information about the relation of

the primes dividing Ukn with the set W c
a,k(x), which state that most of prime divisors of Ukn

are in the set W c
a,k(x).

Lemma 2.3. If p |Φn(a), then either p | n or p≡ 1 (mod n).

Proof. Suppose that p is a prime divisor of Φn(a) and p - n. Since p |Φn(a) then

p |∏
d|n

Φd(a) = an−1.
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Thus we have an ≡ 1 (mod p). Hence, ordp(a) | n (Note that ordp(a) is the least non-

negative integer k such that ak ≡ 1 (mod p)). We claim that ordp(a) = n. Let f = ordp(a),

and f < n. Then we have a f ≡ 1 (mod p). This yields

p | a f −1 = ∏
d| f

Φd(a),

where the equality follows from (2.1). Therefore there exists d0 < n such that d0 | f and

p |Φd0(a). Moreover, p |Φn(a) and

an−1 = ∏
d|n

Φd(a).

Thus we can conclude that xn− 1 has a zero of order at least 2 in Zp, the integers mod p.

However, since p - n we have (xn−1,nxn−1) = 1 in Zp[x]. So xn−1 cannot have a multiple

root. Thus ordp(a) = n. Therefore, we have n | p−1 or equivalently p≡ 1 (mod n).

Lemma 2.4. If p - n and p |Un, then ordp(a) = n.

Proof. Since p |Un, we have p | Φn(a). Since p - n, from Lemma 2.3 we have ordp(a) =

n.

Lemma 2.5. If p | un, then ap−1 6≡ 1 (mod p2).

Proof. The proof is given in [23, Lemma 3]. We reproduce it here for completion. Since

ap−1 ≡ 1 (mod p), we have ordp(a) | p− 1. So we can write aordp(a) = 1 + pt, for some

positive integer t. Since p | un and un is the squarefree part of an−1, we have p2 - an−1.

Thus p - t. Therefore, we have

ap−1 =
(
aordp(a)) p−1

ordp(a) = (1+ pt)
p−1

ordp(a) ≡ 1+
p−1

ordp(a)
pt (mod p2).

Now, we have p - p−1
ordp(a)t, which yields ap−1 6≡ 1 (mod p2).

In the following lemma we find a lower bound for the set W c
a,k(x).
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Lemma 2.6. If Φkn(a) = UknVkn, where k ≥ 1 is an integer, we have

|W c
a,k(x)| ≥ |{n≤

1
k

loga(x); |Ukn|> akn}|.

Proof. The proof is similar to [23, Lemma 4]. If |Ukn|> akn, considering the fact that Ukn

is squarefree, then we can choose a prime pn that divides Ukn but not akn. From Lemma 2.3

we have pn ≡ 1 (mod k). Also by Lemma 2.4 and Lemma 2.5, we have

ordpn(a) = kn and apn−1 6≡ 1 (mod p2
n).

Moreover, if we have n≤ 1
k loga x, then pn ≤ |Ukn|< akn ≤ x. Therefore we have

{pn; n≤ 1
k

loga x and |Ukn|> akn} ⊆W c
a,k(x).

Furthermore, pn’s are distinct. Since if pn = pm, then we have

kn = ordpn(a) = ordpm(a) = km.

This yields m = n. Therefore, we have

|W c
a,k(x)| ≥ |{n≤

1
k

loga(x); |Ukn|> akn}|.

Next we prove a modified version of [23, Lemma 6].

Lemma 2.7. Fix δ > 0. Then

|{n≤ Y ;ϕ(nk)≥ δkn}| � Y.

Proof. It suffices to prove ϕ(nk)≥ ϕ(n)ϕ(k), since then from [23, Lemma 6] we can con-
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clude that

|{n≤ Y : ϕ(n)≥ δkn
ϕ(k)
}| � Y.

To show ϕ(nk) ≥ ϕ(n)ϕ(k), suppose that (n,k) 6= 1 (otherwise ϕ(nk) = ϕ(n)ϕ(k)). Let

n = pα1
1 · · · p

αk
j S and k = pβ1

1 · · · p
βk
j T, where pi’s are distinct primes dividing both n and

k, also αi’s and βi’s are positive integers and S and T are integers such that (S,T ) =

1,(S, p1 · · · pk) = (T, p1 · · · pk) = 1. We have

ϕ(nk) = ϕ(pα1+β1
1 · · · pαk+βk

k )ϕ(S)ϕ(T ) =
j

∏
i=1

pαi+βi
i

(
1− 1

pi

)
ϕ(S)ϕ(T )

>
j

∏
i=1

(1− 1
pi

)2 pαi+βi
i ϕ(S)ϕ(T ) = ϕ(n)ϕ(k).

This gives us the desired result.

Now we employ the abc-conjecture to show that Vn, the powerful part of Φn(a), is small.

Lemma 2.8. If the abc-conjecture is true, then we have Vn�a,ε anε.

Proof. The proof is from [23, Lemma 7]. We present the proof for vn, then the result

follows, since Vn | vn. We have unvn + 1 = an. Since max{an,unvn,1} = an, applying the

abc-conjecture yields

an�ε

(
∏

p|anunvn

p
)1+ε

�ε c(a)
(
un
√

vn
)1+ε

,

where c(a) is a constant depending only on a. The last inequality holds because for each

p | vn, we have p2 | vn. Now since we have an < an/vn, we get

an�
(

an
√

vn

)1+ε

.

From here we get vn�a,ε a2nε/(1+ε). By adjusting ε, we get vn�a,ε anε.

Finally we use the following lemma due to R. Thangaduri and A. Vatwani [25] to obtain
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a lower bound for the value of the n-th cyclotomic polynomial at a given point.

Lemma 2.9. Let a > 1 and n > 2 be integers. Then we have

1
2

aϕ(n) ≤ |Φn(a)|, (2.2)

where ϕ(n) is the Euler totient function.

Proof. [25, Theorem 5].

Equipped with all the above ingredients we can now present the proof of Theorem 2.2.

Proof. We have |Unk|= |Φnk(a)|/Vnk. By employing Lemma 2.7 and Lemma 2.2, we have

|Unk| ≥
aϕ(nk)

caεnk ,

for some constant c, depending on ε, obtained in the inequality of Lemma 2.8. Observe that

if we have

(ϕ(nk)− εnk) loga+ c1 ≥ logn,

where c1 = log(1/2ck), then we will have |Unk| > akn. Let δ > 0 be a fixed number and

suppose ϕ(nk)≥ δnk, then we have

(ϕ(nk)− εnk) loga+ c1− logn > nk loga(δ− ε)− logn+ c1. (2.3)

By choosing ε = δ/2, the right-hand side of (2.3) will become

1
2

ncδk loga− logn+ c1.

Thus, there exists a constant n1(δ,c1,a) depending on c1,δ, and a, such that if n≥ n1(δ,c1,a),

then the right-hand side of (2.3) will be positive. Now by applying Lemma 2.7 and Lemma
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2.6, we obtain

|W c
a,k(x)| ≥ |{n1(δ,c1,a)≤ n≤ 1

k
loga x ; ϕ(nk)≥ δnk}| ≥ c2

k
loga x−n1(δ,c1,a),

where c2 is the implied constant in Lemma 2.7. Therefore, we have

|W c
a,k(x)| �a,k logx,

which is the desired assertion.

2.2 An improvement of Theorem 1.3

In this section we give another proof of the lower bound for W c
a,k(x) in Theorem 2.2

under the assumption of a conjecture on the quality of Φn(a). Recall that

λ(n) =
logn

lograd n
,

is the quality of the integer n. The function λ(n) was introduced by Jerzy Browkin [4] in

order to present a weaker version of the abc-conjecture. We propose the following assump-

tion.

Conjecture 2.10. Let a > 1 be an integer. For given 0 < ε < 1, there exists integer n0 =

n0(a,ε), such that for n≥ n0 we have

λ(|Φn(a)|) < 2− ε,

where Φn(a) is the value of the n-th cyclotomic polynomial at a.

Our aim in this section is to show that under the assumption of 2.10 there are at least

c loga x non-Wieferich primes in base a, where c is a constant. Our approach is analogous

to De Koninck and Doyon’s proof of Theorem 3 of [6]. As we discussed in the introduction
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the new conjecture is a weaker assumption than the abc-conjecture in some cases. To

justify our claim, we first present another version of the abc-conjecture which is proposed

by Oesterlé [21] in 1986.

For non-zero integers, a, b and c, let

L(a,b,c) =
logmax{|a|, |b|, |c|}

lograd(abc)
.

An statement equivalent to Conjecture 2.1 is the following.

Conjecture 2.11 (Oesterlé). As (a,b,c) varies over all relatively prime triples (a,b,c) with

a+b = c, we have

limsupL(a,b,c)≤ 1,

The following proposition establishes the equivalence of the two mentioned versions of

the abc-conjecture.

Proposition 2.12. Conjecture 2.1 is equivalent to Conjecture 2.11.

Proof. First of all note that in the following proof whenever we talk about triple (a,b,c) we

consider a+b = c with (a,b,c) = 1. Suppose that Conjecture 2.1 is true. Then we have

L(a,b,c) =
logmax{|a|, |b|, |c|}

lograd(abc)
≤ log(C(ε)(rad(abc))1+ε)

lograd(abc)
=

logC(ε)
lograd(abc)

+1+ ε,

where C(ε) is a positive constant depending on ε. Now if we have

logC(ε)
lograd(abc)

≤ ε,

for a given ε > 0, then we have the desired result. We claim that

rad(abc)≥M,

for all but finitely many triple (a,b,c), where M = elogC(ε)/ε. This is true since from [13,
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Chapter VI, Theorem 1.1 ] there are only finitely many triples (a,b,c) such that rad(abc)≤

M.

Assume that Conjecture 2.11 is true. Then for every ε > 0 we have L(a,b,c) < 1 + ε,

for all triples (a,b,c) except for finitely many of them. Therefore we conclude that

max{|a|, |b|, |c|} ≤ rad(abc)1+ε (2.4)

for all triples (a,b,c) except for finitely many of them. We set

I = {(a,b,c) ; max{|a|, |b|, |c|}> rad(abc)1+ε}.

For (a,b,c) ∈ I, let

cε =
max{|a|, |b|, |c|}

rad(abc)1+ε
.

Now let

C(ε) = max(a,b,c)∈I{c(ε)}.

Note that since I is finite, then C(ε) is well-defined. Therefore for all triples (a,b,c) we

have

max{|a|, |b|, |c|} ≤C(ε)rad(abc)1+ε.

This completes the proof.

The following proposition indicates that Conjecture 2.10 is a weaker assumption than

the abc-conjecture in some cases. Before stating the proposition, note that

Φp(a) =
ap−1
a−1

,

where p is a prime and a > 1 is an integer. Thus we have |Φp(a)|= Φp(a), and |Up|= Up.

Hence, in the following proposition we can drop the absolute value.
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Proposition 2.13. Let p be prime and a > 1 be an integer. Then Conjecture 2.11 implies

that

λ(Φp(a)) < 1+ ε,

for a given ε > 0 and sufficiently large p.

Proof. We note that (ap−1)+1 = ap. Thus, by Conjecture 2.11 we have

log(ap−1)
lograd(ap−1)

< 1+ ε, (2.5)

for large p. Also we have

rad(ap−1)− rad(a−1)≤ rad
(

ap−1
a−1

)
. (2.6)

Thus, by an application of (2.6), we have

λ(Φp(a)) =
log
(

ap−1
a−1

)
lograd

(ap−1
a−1

) ≤ log(ap−1)− log(a−1)
log(rad(ap−1)− rad(a−1))

=
log(ap−1)

lograd(ap−1)

(
1− log(a−1)

log(ap−1)

)
(

1+
log
(

1− rad(a−1)
rad(ap−1)

)
lograd(ap−1)

) . (2.7)

Since rad(ap− 1)→ ∞ as p→ ∞ (See [13, Theorem 1.1] ), by applying (2.5) in (2.7) as

sending p to ∞ we get the desired result.

We now show that under the assumption of Conjecture 2.10 there are infinitely many

non-Wieferich primes p≡ 1 (mod k). Observe that in Lemma 2.8 we used the abc-conjecture

to obtain a lower bound for squarefree part of Φn(a). The proof of the following Lemma

follows the arguments given in Lemma 5 of [6].
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Lemma 2.14. Let n≥ 1 and a > 1 be integers such that

λ(|Φn(a)|) < 2− ε, (2.8)

for some 0 < ε < 1. Then we have

log |Un|> ε0 log(|Φn(a)|),

where Un is the squarefree part of Φn(a) and ε0 = 2(1−ε)
2−ε

.

Proof. Recall that Φn(a) = UnVn, where Vn is the squarefull part of Φn(a). Under the as-

sumption 2.8, we have

2− ε > λ(|Φn(a)|) = λ(|Un|Vn) =
log(|Un|Vn)

lograd(|Un|Vn)
(2.9)

=
log(|Un|Vn)

log(rad(|Un|)rad(Vn))
(2.10)

>
log |Un|+ logVn

log |Un|+ 1
2 logVn

. (2.11)

Note that (2.9) implies (2.10), since rad is a multiplicative function and (|Un|,Vn) = 1. Also

since rad(|Un|)≤ |Un| and rad(Vn)≤ 1
2Vn we obtain (2.11) from (2.10). Hence,

2− ε >
log |Un| logVn

log |Un|+ 1
2 logVn

,

and thus,

(1− ε) log |Un|>
ε logVn

2
.

By employing the above inequality we deduce

log(|Φn(a)|) = log |Un|+ logVn >
ε logVn

2(1− ε)
+ logVn =

2− ε

2(1− ε)
logVn.
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Thus,

logVn <
2(1− ε)

2− ε
log(|Φn(a)|),

which is the desired result.

Note that Lemma 2.14 remain true if we consider logarithm in base a.

Lemma 2.15. Under the assumption of Conjecture 2.10, we have

∑
n≤loga x

∑
p‖Φn(a)

loga p >
3ε0

π2 (loga x)2
(

1+Oa

(
log logx

logx

))
,

where ε0 is given in Lemma 2.14.

Proof. Note that ∑p‖Φn(a) loga p = log |Un|. Thus, from Lemma 2.14 and Conjecture 2.10

we have

∑
n≤loga x

∑
p‖Φn(a)

loga p = ∑
n≤loga x

loga |Un|

≥ ∑
n≤loga x

ε0 loga(|Φn(a)|).

Applying the inequality (2.2) we have

∑
n≤loga x

∑
p‖Φn(a)

loga p≥ ∑
n≤loga x

ε0 loga

(
aϕ(n)

2

)

=− ∑
n≤loga x

ε0 log2+ ∑
n≤loga x

ε0ϕ(n) (2.12)

From [16, Problem 1.4.2] we have

∑
n≤x

ϕ(n) =
3x2

π2 +O(x logx).
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Applying this identity in (2.12) yields

∑
n≤loga x

∑
p‖Φn(a)

loga p≥ O(logx)+
3ε0

π2 (loga x)2 +Oa((logx)(log logx))

≥ 3ε0

π2 (loga x)2
(

1+Oa

(
log logx

logx

))
.

Theorem 2.16. Under the assumption of Conjecture 2.10 for 0 < ε < 1, we have

|W c
a,k(x)| �ε,a,k loga x.

More precisely, for any ε > 0 we have

|W c
a,k(x)| ≥

9
π4

ϕ(k)2

k4

(
1− ε

2− ε

)2(
1+Oa,k

(
log logx

logx

))
loga x,

as x→ ∞.

Proof. First of all we observe that by replacing n to nk in Lemma 2.15 and employing the

inequality ϕ(nk)≥ ϕ(n)ϕ(k) obtained in Lemma 2.7, we get

3ε0ϕ(k)
π2k2 (loga x)2

(
1+Oa,k

(
log logx

logx

))
< ∑

n≤ 1
k loga x

∑
p‖Φnk(a)

loga p. (2.13)

Observe that since Φn,k(a)|ank−1 then each prime divisor of Φnk(a) is also a prime divisor

of ank−1. Thus,

∑
n≤ 1

k loga x
∑

p‖Φnk(a)
loga p≤ ∑

n≤ 1
k loga x

∑
p|ank−1

p≤x,p∈W c
a,k

loga p
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Applying this inequality in (2.13) yields

3ε0ϕ(k)
π2k2 (loga x)2

(
1+Oa,k

(
log logx

logx

))
≤ ∑

n≤ 1
k loga x

∑
p|ank−1

p≤x,p∈W c
a,k

loga p

= ∑
n≤ 1

k loga x
∑
s|nk

∑
ordp(a)=s

p≤x,p∈W c
a,k

loga p. (2.14)

Let nk = sm. Then the right-hand side of the above inequality will be

∑
s≤loga x

kn/s

∑
m=1

∑
ordp(a)=s

p≤x,p∈W c
a,k

loga p = ∑
s≤loga x

[
loga x

s

]
∑

ordp(a)=s
p≤x,p∈W c

a,k

loga p. (2.15)

By applying (2.15) in (2.14) we get

I = ∑
s≤loga x

kn/s

∑
m=1

∑
ordp(a)=s

p≤x,p∈W c
a,k

loga p

= ∑
s≤loga x

[
loga x

s

]
∑

ordp(a)=s
p≤x,p∈W c

a,k

loga p >
3ε0ϕ(k)

π2k2 (loga x)2
(

1+Oa,k

(
log logx

logx

))
. (2.16)

Next let ε1 = 3ε0ϕ(k)/2π2k2. We split I in the last inequality into two sums as follows.

I =
[ε1 loga x]

∑
s=1

[
loga x

s

]
∑

ordp(a)=s
p≤x,p∈W c

a,k

loga p+
[loga x]

∑
s=[ε1 loga x]+1

[
loga x

s

]
∑

ordp(a)=s
p≤x,p∈W c

a,k

loga p

= I1 + I2.

We now find an upper bound for I1. We have

∑
ordp(a)=s

p≤x,p∈W c
a,k

loga p < ∑
p|as−1

loga p < loga(a
s−1) < s.
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Thus,

I1 <
[ε1 loga x]

∑
s=1

[
loga x

s

]
s < ε1(loga x)2. (2.17)

From (2.16) and (2.17) we have

I2 ≥
3ε0ϕ(k)

k2π2 (loga x)2
(

1+Oa,k

(
log logx

logx

))
− I1 > ε1(loga x)2

(
1+Oa,k

(
log logx

logx

))
.

(2.18)

On the other hand, we have

I2 ≤
1
ε1

[loga x]

∑
s=[ε1 loga x]+1

∑
ordp(a)=s

p≤x,p∈W c
a,k

loga p

<
1
ε1

∑
ordp(a)∈[ε1 loga x,loga x]

p≤x,p∈W c
a,k

loga p

<
1
ε1

∑
p≤x,p∈W c

a,k

loga p <
loga x

ε1
|W c

a,k(x)|. (2.19)

Thus, from (2.18) and (2.19) we have

|W c
a,k(x)| ≥ ε

2
1

(
1+Oa,k

(
log logx

logx

))
loga x.

Or equivalently

|W c
a,k(x)| ≥

9
π4

(
1− ε

2− ε

)2
ϕ(k)2

k4

(
1+Oa,k

(
log logx

logx

))
loga x,

which is the desired result.
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2.3 The largest known Wieferich numbers

Recall from the introduction that a Wieferich number in base a > 1 is a number m,

relatively prime to a that satisfies the congruence

q(a,m) =
aϕ(m)−1

m
≡ 0 (mod m).

We denoted the set of Wieferich numbers in base a by Na. Following the method of [3,

Theorem 9] one can show that

maxNa ≤ awa|Wa| ∏
p≤wa

(p−1), (2.20)

where wa = maxWa. Our aim here is to improve the bound (2.20). To explain our method

recall the following notations. A modified version of Fermat quotient is defined as follows.

q(a, p) =

 q(a, p) if p 6= 2 or p = 2 and a≡ 1 (mod 4),

a+1
2 if p = 2 and a≡ 3 (mod 4).

Also, we defined the sequence S(n)
a as follows. We set

S(0)
a =

 Wa∪{2} if ν2(q(a,2))≥ 1,

Wa otherwise.

For i≥ 1, let

S(i)
a = {p; p|q−1, where q ∈ S(i−1)

a }.

We called Sa =
S

∞
i=0 S(i)

a the set of primes generated by the set of primes in Wa. In Lemma

2.20 we will show that every prime divisor of a Wieferich number in base a, is in Sa. This

fact plays an important role in the proof of the main result of this section.
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Theorem 2.17. If Wa is a finite set, then Na is also finite. Moreover, we have

maxNa = ∏
p∈Sa
p-a

pνp(M)+νp(q(a,p))

= ∏
p∈S(0)

a

pνp(M)+νp(q(a,p))
∏

p∈SarS(0)
a

p-a

pνp(M),

where M = ∏p∈Sa
p-a

(p−1).

Our method follows closely the proof of [3, Theorem 9]. The main tool in the proof of

Theorem 2.17 is a criterion for Wieferich numbers. The following is [1, Theorem 5].

Theorem 2.18 (Agoh-Dilcher-Skula). Let m = pα1
1 · · · p

αk
k and a be two relatively prime

integers, with m≥ 3. Then m ∈ Na if and only if for every 1≤ i≤ k, we have

αi ≤ νpi(
k

∏
j=1

(p j−1))+νpi(q(a, pi)).

Note that when m = 2, by the definition of Wieferich numbers we have m is a Wieferich

number in base a > 1 if and only if we have a≡ 1 (mod 4).

Before presenting the proof of Theorem 2.17 we need to establish the connection of

Wieferich numbers with the set Sa. Lemma 2.20 which is a consequence of Theorem 2.18

is for this purpose. We also need a lemma regarding the largest prime divisor of a Wieferich

number. The following is basically Lemma 2 of [3] which is written for Wieferich numbers

in a general base a (instead of base 2).

Lemma 2.19. Let m be a Wieferich number in base a. Let P(m) be the largest prime divisor

of m. Then P(m) ∈ S(0)
a .

Proof. Let m = 2 be a Wieferich number in base a. Then we have P(m) = 2 is a Wieferich
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prime in base a. So let m = pα1
1 · · · p

αk
k > 2 be a Wiefriech number in base a. Observe that

P(m) -
k

∏
j=1

(p j−1).

Hence,

νP(m)(
k

∏
i=1

(pi−1)) = 0.

Therefore by Theorem 2.18 we have

νP(m)(q(a,P(m)))≥ 1. (2.21)

Now if P(m)= 2 and a≡ 1 (mod 4) or p 6= 2 then (2.21) yields νP(m)(q(a, p))= νp(q(a, p))=

νP(m)(aP(m)−1− 1) ≥ 2. Therefore P(m) ∈Wa. Thus P(m) ∈ S(0)
a . If P(m) = 2 and a ≡ 3

(mod 4), then by (2.21) and the definition of S(0)
a we have P(m) = 2 ∈ S(0)

a .

Lemma 2.20. Let m be a Wieferich number in base a. Then for every prime divisor p of m

we have p ∈ Sa.

Proof. First of all note that if m = 2 is a Wieferich number in base a, then by Lemma 2.19

it is a Wieferich prime. Thus 2 ∈ Sa. So, let p1 be a prime divisor of a Wieferich number

m > 2. If p1 ∈ S(0)
a , then p1 ∈ Sa. Otherwise, if p1 /∈ S(0)

a , we have νp1(q(a, p1)) = 0. Hence,

by the fact that νp1(m) > 0 and employing Theorem 2.18, we have

νp1(∏
p|m

(p−1)) > 0.

Therefore there exists a prime divisor of m like p2 such that p1 divides p2− 1. Now we

consider cases.

If p2 ∈ S(0)
a then we have p1 ∈ S(1)

a . Consequently we have p1 ∈ Sa.

If p2 /∈ S(0)
a , by the similar argument there exists a prime divisor of m like p3 such that

p2|p3−1.If p3 ∈ S(0)
a then p2 ∈ S(1)

a and p1 ∈ S(2)
a (Since p1|p2−1).
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If p3 /∈ S(0)
a then we continue this process. However the process terminates with a prime

in S(0)
a . This is true since p1 < p2 < · · · is an increasing sequence. Thus, either at some

point we hit a prime which is in S(0)
a or we reach to the largest prime divisor of m, which

is, by Lemma 2.19 also is in S(0)
a . Thus p1 ∈ S(`)

a ⊆ Sa, for some integer ` and therefore

p1 ∈ Sa.

Corollary 2.21. If m = pα1
1 · · · p

αk
k is a Wieferich number in base a and m ≥ 3, then for

every 1≤ i≤ k we have

αi ≤ νpi( ∏
pi∈Sa
pi-a

(pi−1))+νpi(q(a, pi))

Proof. By Lemma 2.20 each pi ∈ Sa for 1≤ i≤ k. On the other hand since (a,m) = 1, then

pi - a. Therefore the result follows from Theorem 2.18.

We are ready to prove the main theorem of this section.

Proof of Theorem 2.17. Let

M = ∏
p∈Sa
p-a

(p−1) = ∏
p∈Sa
p|a

pνp(M)
∏
p∈Sa
p-a

pνp(M) = M1M2.

Observe that using Corollary 2.21 and the fact that νp(q(a, p)) = 0, if p /∈ S(0)
a , we have

maxNa ≤ ∏
p∈S(0)

a

(
pνp(q(a,p))pνp(M2)

)
∏

p∈SarS(0)
a

p-a

pνp(M2)

= ∏
p∈S(0)

a

pνp(q(a,p))
∏
p∈Sa
p-a

pνp(M2)

=M2 ∏
p∈S(0)

a

pνp(q(a,p)). (2.22)
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Now let

m = M2 ∏
p∈S(0)

a

pνp(q(a,p)) = ∏
p∈S(0)

a

(
pνp(q(a,p))pνp(M2)

)
∏

p∈SarS(0)
a

p-a

pνp(M2) (2.23)

Then from (2.22) we have maxNa ≤ m. Thus, it remains to show that m is a Wieferich

number. By Theorem 2.18 it is enough to show that for every prime divisor of m

νp(m)≤ νp(M)+νp(q(a,m)). (2.24)

Suppose that p|m and p ∈ S(0)
a . In this case from (2.23) we have

νp(m) = νp(M2)+νp(q(a, p)). (2.25)

Since p ∈ S(0)
a and thus p - a, then νp(M2) = νp(M). Therefore equality occurs in (2.24).

Next suppose that p|m and p /∈ S(0)
a . Then from (2.23) we have

νp(m) = νp(M2)≤ νp(M) = νp(M)+νp(q(a, p)).

Thus, (2.24) holds in this case too.

Since (2.24) holds in both cases, then m is a Wieferich number.

2.4 Density of Wieferich numbers

Recall that in the introduction we discussed a heuristic, which predicts

|Wa(x)| ≈ log logx.

Inspired by this heuristic, we find a conditional lower bound for the number of Wieferich

numbers. Our method here closely follows the proof of Theorem 8 of [3]. However the
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condition considered in [3, Theorem 8] for the number of Wieferich primes is different

from our condition.

Theorem 2.22. For integer a > 1 and real x > 0, if

ca log logx≤ |Wa(x)| ≤ da log logx,

then

|Na(x)| ≥ (logx)ca log2+o(1)−1,

where ca and da are positive constants.

Proof. Let y = x
1

|Wa(x)| . Observe that y≤ x. We define

Aa(x) = {n≤ x; n is squarefree and if p|n then p ∈Wa(y)}.

First note that |Aa(x)| = 2|Wa(y)|− 1. Secondly, if n ∈ Aa(x), then n ∈ Na(x). This is true,

since for every prime divisor p of n we have νp(q(a, p)) ≥ 1. Therefore by Theorem 2.18

we conclude that n is a Wieferich number. Moreover, we have n ≤ y|Wa(y)| ≤ y|Wa(x)| = x.

Therefore n ∈ Na(x), and consequently

|Na(x)| ≥ 2|Wa(y)|−1. (2.26)

Moreover, by the assumption on |Wa(x)| we have

|Wa(y)| ≥ ca log logy = ca log logx
1

|Wa(x)|

= ca (log logx− log |Wa(x)|)

= (ca +o(1)) log logx.
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Thus by applying the above lower bound for |Wa(y)| in (2.26), we have

|Na(x)| ≥ (logx)ca log2+o(1)−1.

2.5 Density of non-Wieferich numbers

In this section we prove an unconditional lower bound for the number of non-Wieferich

prime in base a. Our result is a generalization of [3, Theorem 5] to any base. For odd prime

p, let

Tp(x) = {k ≤ x; If prime q|k then q 6≡ 1 (mod p)}.

The following is a version of a Theorem of Wirsing [27].

Theorem 2.23. For any positive real integer x and any odd prime p≤ log logx we have

Tp(x)≥ xexp
(
− log logx

p−1
+O(log loglogx)

)
.

Following the proof of Theorem 5 of [3], here, we employ Theorem 2.23 to obtain a

lower bound for the number of non-Wieferich numbers in any base. The following is the

main result of this section. Note that the O-term in Theorem 5 of [3] is O((log logx)
1
3 ). We

were unable to verify this O-term.

Theorem 2.24. We have

|Nc
a(x)| ≥ xexp

(
−2(loga)1/2(log logx)1/2 +O(log loglogx)

)
.

Proof. Let p be any prime in the interval [y,y + y2/3], where y =
(

log logx
loga

)1/2
. (Such a

prime exists by the existence of prime in short intervals, see [11] for more information.)

Moreover, let e = νp(ap−1−1) and suppose n ∈ Tp(x/pe). We show that m = npe is a non-
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Wieferich number, thus the number of non-Wieferich numbers is bigger than the numbers

of integers in the set Tp(x/pe). Note that since p - n we have νp(∏p|m(p− 1)) = 0. Thus

νp(ap−1− 1)− 1 + νp(∏p|m(p− 1)) = e− 1 < νp(m). Hence, by Theorem 2.18 m is a

non-Wieferich number. Therefore by Theorem 2.23 we have

|Nc
a(x)| ≥ Tp

(
x
pe

)
≥ x

pe exp
(
− log log(x/pe)

p−1
+O(log loglog(x/pe))

)
. (2.27)

Observe that

log log
(

x
pe

)
= log

(
logx

(
1− e log p

logx

))
= log logx+O

(
log p
logx

)
= log logx+O

(
log loglogx

logx

)
(2.28)

In above, we used the facts that log(1 + x) = O(x) and p ≤ 2y, for y = (log logx)
loga

1/2
. Since

e = νp(ap−1−1), we have pe < ap−1. Thus,

p−e > exp(−(p−1) loga). (2.29)

Applying (2.28) and (2.29) in (2.27) yields

|Nc
a(x)| ≥ xexp

(
−(p−1) loga− log logx

p−1
+O(log loglogx)

)
.

Now the minimum of the right-hand side of the above inequality happens when

p−1 =
(

log logx
loga

)1/2

.
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Therefore we have

|Nc
a(x)| ≥ x≥ xexp

(
−2(loga log logx)1/2 +O(log loglogx)

)
.
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Chapter 3

K-Wieferich primes and numbers

3.1 Wieferich primes in a quadratic field

Recall the definition of a K-Wieferich from Section 1.2.

Definition 3.1. Let K be a number field with the ring of integers OK. A prime π ∈OK is

called a K- Wieferich prime in base α ∈OK if

α
N(π)−1 ≡ 1 (mod π

2).

We prove the following Theorem on the relation between Wieferich primes in an integer

base a and K-Wieferich primes in base a, where K is a quadratic field.

Theorem 3.2. Let K = Q(
√

m) with hK = 1. Then the following assertion holds.

(i) Any prime of OK above a Wieferich prime p in an integer base a is a K-Wieferich prime

in base a.

(ii) If π is a K-Wieferich prime in an integer base a such that N(π) = p for a prime p, then

p is a Wieferich prime in base a.

Proof. (i) From the fact that p is a Wieferich prime we have

p2|ap−1−1. (3.1)

Now let π be a prime with N(π) = p. In other words, π is a prime above a split or ramified
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prime p, then for an integer a we have

aN(π)−1−1 = ap−1−1.

Since N(π) = p = |ππ′|, where π′ is the non-trivial conjugate of π in Q(
√

m), we have

π2|p2. Therefore by (3.1), we have

aN(π)−1 ≡ 1 (mod π
2).

Thus π is a K-Wieferich prime.

Now suppose that N(π) = p2, so π is a prime above an inert prime p. We have aN(p)−1 =

ap2−1 = a(p−1)(p+1). From (3.1) we have a(p−1)(p+1) ≡ 1 (mod p2). Thus, aN(p)−1 ≡ 1

(mod p2), and p is a K-Wieferich prime.

(ii) Since π is a K-Wieferich prime in base a, then there exists β ∈Ok such that

ap−1−1 = βπ
2. (3.2)

Hence, we have

π
2|ap−1−1. (3.3)

Let σ ∈ Gal(Q(
√

m)/Q) be the non-trivial monomorphism. From (3.2) we have

σ(ap−1−1) = σ(β)σ(π2).

Since ap−1−1 is an integer, we have ap−1−1 = σ(β)σ(π2). Hence,

σ(π2)|ap−1−1. (3.4)
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From (3.3) and (3.4) and the fact that π and σ(π) are distinct primes we have

p2 = N(π)2 = π
2
σ(π2)|ap−1−1.

Therefore p is a Wieferich prime in base a.

Corollary 3.3. Let a > 1 be an integer and hK = 1, for K = Q(
√

m). If there are infinitely

many Wieferich primes in base a, then there are infinitely many K-Wieferich primes.

Note that based on the heuristic for the set Wa(x), the set of Wieferich primes up to a

real number x, there are at least log logx Wieferich primes up to x. Therefore by Corollary

3.3 we expect that there are at least log logx, K-Wieferich primes in any integer base a.

Combining Theorem 2.2 from Chapter 2 and Theorem 3.2 we have the following result for

K = Q(i).

Corollary 3.4. Let K = Q(i), and a > 1 be an integer. Assuming the abc-conjecture we

have

|{prime π ∈ Z[i] ; N(π)≤ x and aN(π)−1 6≡ 1 (mod π
2)}| �a logx.

Proof. First of all note that by [19, Theorem 4.39] p is a split prime in Q(i) if and only if

p≡ 1 (mod 4). Thus, we have

{prime π ∈ Z[i] ; N(π) = p≤ x, p≡ 1 (mod 4), π ∈W c
a (Q(i),x)}

⊆ {prime π ∈ Z[i] ; N(π)≤ x, π ∈W c
a (Q(i),x)} (3.5)

Note that by part (i) of Theorem 3.2 we conclude that for any integer a and k and any

quadratic field K with hK = 1 we have W c
a,k(x) ⊆W c

a,k(K,x). Especially for K = Q(i) and

k = 4. Thus we have

W c
a,4(x)⊆W c

a,4(Q(i),x). (3.6)

46



3.2. WIEFERICH NUMBERS IN A QUADRATIC FIELD

Hence, employing (3.6) in (3.5) and using Theorem 2.2 yield

|{prime π ∈ Z[i] ; N(π) = p≤ x, p≡ 1 (mod 4), π ∈W c
a (Q(i),x)}|= 2|W c

a,4(x)| �a logx.

This proves the corollary.

We would like to point out that it is not clear whether or not part (ii) of Theorem 3.1

remains true for a non-split prime p. We have done some experiment on this in the field

Q(i). We checked all primes with norm non-exceeding 4000 for integer bases between 2

and 3. All the K-Wieferich prime found in our experiment were proven to be Wieferich

primes.

3.2 Wieferich numbers in a quadratic field

The main result of this section provides a characterization for Wieferich numbers in

quadratic fields with unique factorization property. The following generalization of Propo-

sition 5.4 of [1] to quadratic fields plays an important role in the proof of the main result of

this section. Recall that νp(γ) denotes the multiplicity of π in γ.

Lemma 3.5. Let K = Q(
√

m) be a quadratic field of class number 1. Let β ∈ OK and

π ∈OK be a prime such that β≡ 1 (mod π). Then for any natural number n the following

assertion holds:

(i) If π is a prime above an odd split prime p or if π is a prime above the split prime p = 2

and β≡ 1 (mod π2), we have

νπ(βN(π)n
−1) = νπ(β−1)+n. (3.7)
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(ii) If π is a prime above a split prime p = 2 and β≡ π+1 (mod π2), we have

νπ(βN(π)n
−1) = νπ(β+1)+n. (3.8)

(iii) If π is a prime above an odd inert prime p we have

νπ(βN(π)n
−1) = νπ(β−1)+2n. (3.9)

Proof. (i) Let π be a prime above an odd split prime p. Note that this implies N(π) = p.

We will establish (3.7) by induction on n. For n = 1, note that by the assumption we have

β = πδ+1 for some δ ∈OK. Thus, for every 0≤ m≤ N(π)−1, we have

β
m = (πδ+1)m ≡ mδπ+1 (mod π

2).

Consequently, we have

βN(π)−1
β−1

=
N(π)−1

∑
m=0

β
m ≡

N(π)−1

∑
m=0

(mδπ+1) (mod π
2)

≡ δπN(π)(N(π)−1)
2

+N(π) (mod π
2).

Since N(π) = p we conclude

βN(π)−1
β−1

=
N(π)−1

∑
m=0

β
m = ηπ

2 +
δπp(p−1)

2
+ππ

′, (3.10)

for some η ∈OK, where π′ is the conjugate of π or −π. Therefore, from (3.10), we have

νπ(βN(π)−1) =νπ(β−1)+νπ(π(πη+
δp(p−1)

2
)+π

′))

=νπ(β−1)+νπ(π)+νπ(πη+
δp(p−1)

2
+π
′).
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Since π 6= π′, in the latter identity, the last term is zero. (Note that (p−1)/2 is an integer,

since p is an odd prime.) Thus,

νπ(βN(π)−1) = νπ(β−1)+1.

Hence, (3.7) holds for n = 1.

Now let n > 1 and assume (3.7) holds for n−1. We have

β
N(π)n

−1 = (βN(π)n−1
−1)(

N(π)−1

∑
j=0

(βN(π)n−1
)N(π)− j),

which implies

νπ(βN(π)n
−1) = νπ(βN(π)n−1

−1)+νπ(
N(π)−1

∑
j=0

(βN(π)n−1
)N(π)− j). (3.11)

Note that for every 0≤ j ≤ N(π)−1, we have

(βN(π)n−1
)N(π)− j ≡

(
(πδ+1)N(π)n−1

)N(π)− j
(mod π

2)

≡
(N(π))n−1(N(π)− j)

∑
k=0

(
N(π)n−1(N(π)− j)

k

)
(πδ)k (mod π

2). (3.12)

Observe that since N(π) = p, from (3.12) we get

(βN(π)n−1
)p− j ≡ 1+ p(n−1)(p− j)

πδ (mod π
2)

≡ 1 (mod π
2).

(The last congruence holds because n > 1 and p = ππ′.) Therefore, for every 0 ≤ j ≤

N(π)−1, we have

(βN(π)n−1
)N(π)− j = σ jπ

2 +1,
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for some σ j ∈OK depending on j. Hence,

νπ

(
N(π)−1

∑
j=0

(βN(π)n−1
)N(π)− j

)
= νπ

(
p−1

∑
j=0

(σ jπ
2 +1)

)
= νπ

(
π

(
p−1

∑
j=0

σ jπ+π
′

))
= 1.

(3.13)

Moreover, by the induction assumption we have

νπ(βN(π)n−1
−1) = νπ(β−1)+n−1. (3.14)

Applying (3.13) and (3.14) in (3.11) yields (3.7) for the case that p is an odd prime.

Now suppose that π is a prime above the splitting prime p = 2 and β≡ 1 (mod π2). To

prove (3.7) for this case, again we use induction on n. For n = 1 we have

βN(π)−1
β−1

=
N(π)−1

∑
m=0

β
m = N(π) = 2.

Therefore,

νπ(β2−1) = νπ(β−1)+νπ(
N(π)−1

∑
m=0

β
m) = νπ(β−1)+1.

This proves (3.7) for n = 1. Now, for n > 1, let (3.7) be true for n−1. We have

νπ(β2n
−1) = νπ(β2n−1

−1)+νπ(β2n−1
+1). (3.15)

Since β≡ 1 (mod π2) we have β2n−1 ≡ 1 (mod π2) and thus,

β
2n−1

+1 = π
2
σ+2 = π

2
σ+ππ

′ = π(πσ+π
′), (3.16)

for σ ∈ OK and π′ defined as before. Therefore, νπ(β2n−1
+ 1) = 1. Recall that by the
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induction assumption we have

νπ(β2n−1
−1) = νπ(β−1)+n−1. (3.17)

Thus (3.15), (3.16), and (3.17) yields (3.7) for the case p = 2.

(ii) Let π be a prime above the split prime π = 2 and β ≡ π + 1 (mod π2). Again we use

induction on n to prove (3.9). For n = 1, we have

νπ(β2−1) = νπ(β−1)+νπ(β+1). (3.18)

Moreover, by the assumption of part (ii) of our lemma we have

β−1 = π
2
σ+π = π(πσ+1), (3.19)

for some σ ∈OK. Therefore by (3.18) and (3.19) we have

νπ(β2−1) = νπ(β−1)+1.

Now let (3.8) be true for n−1. We have

β
2n−1

+1≡ (1+π)2n−1
+1 (mod p2)

≡ 2+2n−1
π (mod π

2)

≡ 2 (mod π
2).

The last congruence holds, since n > 1. Thus, by the fact that 2 = ππ′, we have

β
2n−1

+1 = π
2
σ+ππ

′ = π(πσ+π
′), (3.20)

for some σ∈OK. Therefore, by applying (3.20) and the induction assumption in the identity
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(3.15), we get

νπ(β2n−1
−1) = νπ(β−1)+n,

which yields (3.8).

(iii) Let π = p be an odd inert prime. We claim that

νp(βpn
−1) = νp(β−1)+n, (3.21)

for any integer n ≥ 1. We prove the identity (3.21) by induction on n. Let n = 1 and write

β = pδ+1 for some δ ∈OK. Then, for 0≤ m≤ p−1, we have βm ≡ mδp+1 (mod p2).

Hence,

p−1

∑
m=0

β
m ≡ (p−1)p2δ

2
+ p (mod p2)

≡ p (mod p2).

Thus, we can write

βp−1
β−1

=
p−1

∑
m=0

β
m = ηp2 + p,

for some integer η ∈OK. Therefore

νp(βp−1) = νp(β−1)+νp(ηp2 + p) = νp(β−1)+1.

This proves the case n = 1. Now let n > 1. Since

β
pn
−1 = (βpn−1

−1)

(
p−1

∑
j=0

(βpn−1
)p− j

)
,
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we have

νp(βpn
−1) = νp(βpn−1

−1)+νp(
p−1

∑
j=0

(βpn−1
)p− j). (3.22)

By the induction assumption we have

νp(βpn−1
−1) = νp(β−1)+n−1. (3.23)

Moreover, from the fact that β = pδ + 1, and using binomial theorem for every 0 ≤ j ≤ p

we have

(βpn−1
)p− j ≡

(
(pδ+1)pn−1

)p− j
(mod p2)

≡
(p− j)pn−1

∑
k=0

(
pn−1(p− j)

k

)
(pδ)k (mod p2)

≡
(

pn−1(p− j)
1

)
pδ+1 (mod p2)

≡ 1 (mod p2).

for every 0≤ j ≤ p−1, the above congruence yields

(βpn−1
)p− j = η j p2 +1,

where η j is an integer depending on j. Therefore we have

νp

(
p

∑
j=1

(βpn−1
)p− j

)
= νp

(
p

(
p

p

∑
j=1

η j + p

))
= 1. (3.24)

Hence, from (3.22), (3.23) and (3.24) we have

νp(βpn
−1) = νp(β−1)+n−1+1 = νp(β−1)+n.
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Thus we proved (3.21) by induction. Now we replace n with 2n in (3.21), to obtain

νp(βp2n
−1) = νp(β−1)+2n. (3.25)

Since π = p2 and N(π) = p2. The identity (3.25) can be written

νπ(βN(π)n
−1) = νπ(β−1)+2n.

Before stating our main theorem of this section, recall that for α,γ∈OK, we set q(α,γ)=

(αϕ(γ)−1)/γ.

Theorem 3.6. Let K = Q(
√

m) with hK = 1. Let γ = π
a1
1 · · ·π

a`
` ∈OK, where πi’s are primes

above split or inert primes. Also let α∈OK and (α,γ) = 1. Then γ is a K-Wieferich number

in base α if and only if πi’s satisfy the following conditions :

(i) If πi is a prime above an odd split prime p or if πi is a prime above the split prime p = 2

and α≡ 1 (mod π2
i ), then

ai ≤ νπi(∏
π|γ

(N(π)−1))+νπi(q(α,πi)). (3.26)

(ii) If πi is a prime above the split prime p = 2 and α≡ 1+πi (mod π2
i ), then

ai ≤ νπi(∏
π|γ

(N(π)−1))+νπi(α
N(πi)−1) +1)−1. (3.27)

(iii) If πi is a prime above an odd inert prime p, then

2νπi(∏
π|γ

(N(π)−1))+νπi(q(α,πi))≥ 1 (3.28)
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Proof. Let R = ∏π|γ(N(π)−1). For every 1≤ i≤ ` we have

ϕ(γ) = θiϕ(πai
i )N(πi)νπi(R),

where (θi,N(πi)) = 1 and consequently (θi,πi) = 1. Now let

ρ = α
ϕ(πai

i )N(πi)
νπi (R)

.

Thus, we have

α
ϕ(γ)−1 = ρ

θi−1 = (ρ−1)
θi−1

∑
j=0

ρ
j. (3.29)

Since

ρ = α
N(πi)ai−1(N(πi)−1)N(πi)νπ(R)

= α
(N(πi)−1)N(πi)

ai+νπi (R)−1
, (3.30)

and αN(πi)−1 ≡ 1 (mod πi), then ρ≡ 1 (mod πi). Hence,

θi−1

∑
j=0

ρ
j ≡ θi (mod πi).

Thus, from the fact that (θi,πi) = 1 and (3.29) we obtain

νπi(α
ϕ(γ)−1) = νπi(ρ−1)+νπi(

θi−1

∑
j=0

ρ
j) = νπi(ρ−1).

Now let π and α satisfy the conditions of part (i) in the statement of the theorem. By

employing the equality (3.7) of Lemma 3.5 for n = ai + νπi(R)− 1 and β = αN(πi)−1 we

deduce from (3.30) that

νπi(ρ−1) = νπi(α
N(πi)−1−1)+ai +νπi(R)−1.
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Subtracting ai from both side of the above identity yields

νπi(q(α,γ)) = νπi(q(a,πi))+νπi(R).

Now since γ is a K-Wieferich number if and only if γ divides q(a,γ), the inequality (3.26)

follows.

Next let πi and α satisfy conditions of part (ii) in the statement of the theorem. We

employ the equality (3.8) of Lemma 3.5 for n = ai +νπi(R)−1 and β = αN(πi)−1 to conclude

from (3.30)

νπi(q(α,γ)) = νπi(α
N(π)−1 +1)−1+νπi(R).

Since γ divides q(a,γ) we obtain (3.27).

Lastly if π satisfies the condition of (iii) of the theorem, by employing (3.9) of Lemma

3.5 for n = ai +νπi(R)−1 and β = αN(πi)−1 and using the equality (3.30) we obtain

νπi(α
ϕ(γ)−1) = νπi(ρ−1) = νπi(α

N(πi)−1−1)+2ai +2νπi(R)−2.

By subtracting ai from both side of the above equality, we establish

νπi(q(α,γ)) = νπi(q(α,πi))+ai +2νπi(R)−1.

Now by employing the fact that ai ≤ νπi (q(α,γ)) for every 1 ≤ i ≤ ` if and only if γ is a

K-wieferich number we obtain (3.28).

Using Theorem 3.6, we can derive a property of K-Wieferich numbers which is analo-

gous to Lemma 2.19.

Theorem 3.7. Let K = Q(
√

m) be a quadratic field with hK = 1. Let γ = π
a1
1 · · ·π

ak
k ∈OK

be such that πi, for 1≤ i≤ k, is a prime above an odd inert or and split prime p. Consider

56



3.2. WIEFERICH NUMBERS IN A QUADRATIC FIELD

the set

Π(γ) = {πi ; 1≤ i≤ k and πi has the maximum norm among the prime divisors o f γ}.

If γ is a K-Wieferich number in base α ∈ OK, then any πi ∈ Π(γ) that is above an split

prime, is a K-Wieferich prime in base α.

Proof. Let πi ∈ Π(γ) be a prime above a split prime pi. Then we have N(πi) = πiπ
′
i = p,

where π′ is the non-trivial conjugate of πi or −πi. We show that νπi(∏
k
i=1(N(πi)−1)) = 0.

We consider two cases.

First suppose N(π j) = p2
j , where 1≤ j ≤ k is fixed and p j ∈ Z is an inert prime. Since

πi ∈Π(γ), we have pi > p2
j > p2

j −1. Thus,

pi - N(π j)−1. (3.31)

Moreover, we show that πi - N(π j)−1. Otherwise

N(π j)−1 = πiη (3.32)

for some η ∈ OK. We know that there exists a σ ∈ Gal(Q(
√

m)/Q) such that σ(πi) = π′i

or −π′i. Applying σ in both sides of the equality, (3.32) we obtain N(π j)− 1 = σ(η′)π′i,

where η′ = η or −η. Therefore, π′i also divides N(π j)−1. Consequently we have pi = πiπ
′
i

divides N(π j)−1, which is in contradiction with (3.31). Thus, πi - N(π j)−1.

Next we assume that N(π j) = p j, where 1 ≤ j ≤ k and p j ∈ Z is an odd split prime.

Then we have pi > p j−1, since πi ∈Π(γ). Thus, pi - N(π j)−1. Now an argument identical

to the first case shows that πi - N(π j)−1. Hence,

νπi(
k

∏
j=1

N(π j)−1) = 0.
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Next we observe that since γ is a K-Wieferich number then by (3.26) in Theorem 3.6

we have νπi(q(α,πi)) ≥ 1. Thus, we have νπi(α
N(πi)−1− 1) ≥ 2 or equivalently πi is a

K-Wieferich prime.
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Chapter 4

An exponential congruence in C[x]

4.1 A finiteness theorem in C[x]

In [18, Theorem 1] M. Ram Murty and V. Kumar Murty proved that the congruence

3m−3n ≡ 0 (mod 2m−2n),

has only finitely many integer solutions (m,n), where m > n≥ 0. One of the main ingredi-

ents of their proof is a result proved in [5]. More precisely, Bugeaud, Corvaja and Zannier

[5] showed that for any two multiplicatively independent integers a, and b, with 2≤ a < b

and given ε > 0, there exists an integer n0 > 0 such that for all n≥ n0 we have

gcd(an−1,bn−1)≤ aεn.

An analogous result in C[x] is a theorem of Ailon and Rudnick [2, Theorem 1].

Theorem 4.1 (Ailon-Rudnick). Let f ,g ∈ C[x] be two multiplicatively independent poly-

nomials. Then there exists an absolute constant, depending only on f and g, such that

deg(gcd( f n−1,gn−1)) < C( f ,g). (4.1)

In this section we employ Theorem 4.1 to prove an analogous result to [18, Theorem 1]

in C[x]. More precisely we prove the following.
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Theorem 4.2. Let f and g be two polynomials in C[x], which are relatively primes and

deg f ≤ degg. Then, there are only finitely many integer pairs (m,n), where m > n ≥ 0,

such that

f m− f n|gm−gn. (4.2)

We need two lemmas and a proposition for proving Theorem 4.2. The following two

lemmas are necessary for the proof of Proposition 4.5. We denote the k-th derivative of a

polynomial f by f (k). Proposition 4.5 together with the inequality (4.1) will imply Theorem

4.2.

Lemma 4.3. Let f ∈ C[x] and β be a root of f with multiplicity k ≥ 1. Then we have

f (0)(β) = f (1)(β) = · · ·= ( f )(k−1)(β) = 0 (4.3)

and

f (k)(β) 6= 0. (4.4)

Proof. We can write

f (x) = g(x)h(x),

where h(β) 6= 0 and g(x) = (x− β)t for t ≥ 1. Taking the s-th derivative from both side

(using Leibnitz rule for derivative), we have

f (s)(x) =
s

∑
m=0

(
s
m

)
g(m)(x)h(s−m)(x). (4.5)

Observe that g(m)(β) = 0 for 0 ≤ m < k. Therefore f (s)(β) = 0, for 0 ≤ s ≤ k− 1, which
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proves (4.3). Also since g(k)(β) = k!, considering (4.5) for s = k will result

f (k)(β) = k!h(β).

Since h(β) 6= 0 we get (4.4).

Lemma 4.4. Let f (x) ∈ C[x], c ∈ N, and β ∈ C. Moreover, let f c(β) = 1, for some β ∈ C

and f (i)(β) = 0, for 1≤ i≤ k, with k ≥ 1. Then we have

( f c−1)(k+1)(β) =
c f (k+1)(β)

f (β)
.

Proof. First note that, since f c(β) = 1, we have

( f c−1)′(β) = c f c−1(β) f ′(β).

Moreover, for k ≥ 1 using Leibnitz rule for derivative we have

( f c−1)(k+1) =(c f c−1 f ′)(k)

=
k

∑
i=0

(
k
i

)
(c f c−1)(k−i)( f ′)(i). (4.6)

Now, according to the assumption, we have ( f ′)(i)(β) = 0, for i < k. By evaluating (4.6) at

x = β we find out that only for i = k we obtain a nonzero term and all other terms are zero.

Hence, ( f c(x)−1)(k+1) at x = β is equal to

c f c−1(β) f (k+1)(β) =
c f (k+1)(β)

f (β)
,

which is the desired result.
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Proposition 4.5. Let f ,g and h ∈ C[x]. Suppose that

f c−1 = gh,

where c ∈ N and

g(x) = γ∏
i

(x−αi)βi,

with γ ∈ C and βi’s ∈ N. Then βi ≤ deg f , for each i.

Proof. Without loss of generality we show that β1 ≤ deg f . To this aim let t ≥ β1 be the

multiplicity of α1 in f c−1. Thus we can write

f c−1 = (x−α1)
th1 = g1h1,

where g1 = (x−α1)
t and h1 = ( f c−1)/(x−α1)t . Applying Leibnitz rule for derivative we

have

( f c−1)(s) =
s

∑
`=0

(
s
`

)
g(`)

1 h(s−`)
1 . (4.7)

We observe that g(`)
1 (α1) = 0, if 0≤ ` < s. Thus, from (4.7) we deduce

( f c−1)(s)(α1) = g(s)
1 (α1)h

(0)
1 (α1). (4.8)

For s = 1 the identity (4.8) becomes

c f c−1(α1) f ′(α1) = g′1(α1)h1(α1). (4.9)

Observe that g′1(x) = t(x−α1)t−1. Thus, if t = 1, from (4.9) we conclude that f ′(α1) 6= 0.

Otherwise, if t > 1 we have f ′(α1) = 0. In other words α1 is a root of f ′. Let α1 have the
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multiplicity k, with k ≥ 1, in f ′. In other words

f ′ = (x−α1)kh2,

where h2 ∈ C[x]. Thus, applying Lemma 4.3 for f ′, we have

( f ′)(0)(α1) = ( f ′)(1)(α1) = · · ·= ( f ′)(k−1)(α1) = 0 and ( f ′)(k)(α1) 6= 0. (4.10)

Now by Lemma 4.4 and (4.8) we have

c f (k+1)(α1)
f (α1)

= ( f c−1)(k+1)(α1) = g(k+1)
1 (α1)h

(0)
1 (α1). (4.11)

Since by (4.10) we have

f (k+1)(α1) = ( f ′)(k)(α1) 6= 0,

from (4.11) we conclude that

g(k+1)
1 (α1) 6= 0.

Therefore we should have t = k +1≤ deg f ′+1 = deg f . Since β1 ≤ t, we are done.

We also need the concept of radical of a polynomial f ∈ C[x]. For f = α∏i(x−αi)ni ∈

C[x], with distinct α′is ∈ C, we define the radical of f by

rad( f ) = ∏
i

(x−αi).

Having Proposition 4.5 in hand, we can prove the main theorem of this section.

Proof. From (4.2), we have

f n( f m−n−1)|gn(gm−n−1). (4.12)
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From here we can deduce that

f m−n−1 = ab, (4.13)

where a divides gn and b divides gm−n−1. Thus,

b|gcd( f m−n−1,gm−n−1). (4.14)

Now from (4.1) we have deg(gcd( f m−n− 1,gm−n− 1)) ≤ C( f ,g). Thus, applying (4.14)

we have degb≤C( f ,g). Hence,

dega≥ (m−n)deg f −C( f ,g). (4.15)

On the other hand, we can write

g = α∏
i

(x−αi)ni,

where α and αi’s belong to C and ni’s are natural numbers. Since a divides gn, we can write

a = γ∏
i

(x−αi)βi,

where γ divides αn, and for each i we have 0≤ βi ≤ nin. Thus, from (4.13) we have

f m−n−1 = γ∏
i

(x−αi)βib.

Applying Proposition 4.5, for each βi we have βi ≤ deg f . Hence, we have

dega≤ deg(rad(a))deg f ≤ deg(rad(g))deg f , (4.16)
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where the last inequality holds, since a divides gn. Combining (4.15) with (4.16) yields

(m−n)deg f −C( f ,g)≤ deg(rad(g))deg f . (4.17)

Thus m−n is bounded by an absolute constant. Now from (4.12) and the fact that f and g

are relatively primes, we deduce that f n divides gm−n−1. Thus,

n≤ (m−n)degg
deg f

. (4.18)

So n is also bounded and consequently m is bounded.

4.2 An effective finiteness result

The bound that we have found for m− n in the proof of Theorem 4.2 is not effective.

Our goal in this section is to present a method that enables us to calculate all the pairs

satisfying the relation (4.2). As we have seen in the proof of Theorem 4.2, if we can find

an effective bound for deg(gcd( f k− 1,gk− 1)), then we can calculate all the pairs (m,n)

explicitly. Unfortunately, we can not make the constant C( f ,g) in Theorem 4.2 effective.

However, in this section we obtain a weaker effective bound for deg(gcd( f k−1,gk−1)).

In order to prove this effective result we need to use Mason’s theorem which is analo-

gous to the abc-conjecture.

Theorem 4.6 (Mason). Let f ,g, and h be three polynomials in C[x] which are nonzero,

relatively primes, and are not simultaneously constants. Then we have

max{deg( f (x))deg(g(x))deg(h(x))} ≤ deg(rad( f (x)g(x)h(x)))−1.

Proof. See [20, Section 5.3].

Equipped with Mason’s Theorem, we establish an effective upper bound for the gcd( f k−
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1,gk−1). The method of the proof of the following theorem is inspired by the proof of The-

orem 4 of [18].

Theorem 4.7. Let f ,g ∈C[x] be two relatively prime polynomials with deg f ≤ degg. Also

let k > 0 be a natural number. We have

deg(gcd( f k−1,gk−1)) <
k +2

2
degg.

Proof. Let gcd( f k−1,gk−1) = d. Thus, there are u,v ∈ C[x] such that (u,v) = 1 and we

have

f k−1 = ud (4.19)

and

gk−1 = vd. (4.20)

Multiplying (4.19) by v and (4.20) by u and subtracting them, we get

ugk− v f k = u− v. (4.21)

Our goal is to apply Mason’s theorem for ugk,v f k, and u− v. Thus, we claim that ugk,v f k

and u−v are pairwise relatively prime. First we show gcd(v f k,ugk) = 1. Let gcd(v,gk) = δ.

Since δ|v, and by (4.19) v|gk− 1, we have δ|gk− 1. Moreover, δ|gk. Thus, δ|gcd(gk,gk−

1) = 1. Hence,

gcd(v,gk) = 1. (4.22)
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With the same argument as above we have

gcd(u, f k) = 1. (4.23)

Also by our assumptions we have

gcd( f k,gk) = 1. (4.24)

Now by the fact that (u,v) = 1 together with (4.22), (4.23), and (4.24) we conclude that

gcd(v f k,ugk) = 1.

Next we show that gcd(v f k,u−v) = 1. Let gcd(v f k,u−v) = δ. Since δ|u−v and δ|v f k,

we have δ|u−v+v f k, and thus, by (4.21) we have δ|ugk. Hence δ|gcd(v f k,ugk) = 1. With

the same argument one can show that (ugk,u− v) = 1. Therefore ugk,v f k and u− v are

pairwise relatively prime.

Now, we find max{deg (u− v), deg (v f k), deg (ugk)}. Observe that from (4.19) we

have

v f k = uvd + v,

and from (4.20) we have

ugk = uvd +u.

From these two identities we obtain

deg(v f k) = deg(ugk). (4.25)

Moreover by (4.21) we have

u− v = v f k−ugk.
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Thus, deg(u− v)≤ deg(ugk). Therefore by (4.25) we have

max{deg(u− v),deg(v f k),deg(ugk)}= deg(v f k) = deg(ugk).

Hence, applying Theorem 4.6 on u− v,v f k, and ugk yields

max{deg(u− v),deg(v f k),deg(ugk)}= deg(ugk) < deg
(

rad
(

uv(u− v) f kgk
))

.

From here, we obtain

k degg+degu < deg(u− v)+deg f +degv+degg+degu. (4.26)

Observe that by (4.25) and the assumption deg f ≤ degg, we conclude that degu ≤ degv,

and thus deg(u− v)≤ degv. Applying this inequality in (4.26) implies

k degg < 2degv+deg f +degg.

Now note that by employing (4.20) in the above inequality we have

2degd < k deg f +deg f +degg.

Since deg f ≤ degg, this implies

degd <
k +2

2
degg,

which is the desired result.

Combining Theorem 4.2 and Theorem 4.7, we are able to solve the congruence gm−

gn ≡ 0 (mod f m− f n) effectively, for polynomials f and g such that 1
2 degg < deg f ≤

degg.
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Theorem 4.8. Let f and g be two polynomials in C[x] that are relatively prime and

1
2

degg < deg f ≤ degg. (4.27)

If m > n≥ 0 be such that

f m− f n|gm−gn,

then we have

n <
(degg+deg(rad(g))deg f )degg

(deg f − 1
2 degg)deg f

(4.28)

and

m <
degg+deg(rad(g))deg f

deg f − 1
2 degg

(
1+

degg
deg f

)
. (4.29)

Proof. First of all note that from (4.14) we have

degb≤ deg(gcd( f m−n−1,gm−n−1)).

Applying Theorem 4.7 yields

degb <
(m−n)+2

2
degg. (4.30)

Recall from the proof of Theorem (4.2) that f m−n−1 = ab. Hence, we have

dega = (m−n)deg f −degb.
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Thus, by (4.30) we deduce

dega > (m−n)deg f − (m−n)+2
2

degg.

Combining this with (4.16) yields

(m−n)deg f − (m−n)+2
2

degg < deg(rad(g))deg f .

Hence, we have

m−n <
degg+deg(rad(g))deg f

deg f − 1
2 degg

. (4.31)

Now from (4.18) and (4.31) we conclude

n <
(degg+deg(rad(g))deg f )degg

(deg f − 1
2 degg)deg f

.

This proves (4.28). Moreover, from (4.28) and (4.31), we obtain (4.29).
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Chapter 5

Concluding Remark

In this thesis properties of a special type of prime numbers, the so-called Wieferich primes,

have been investigated. We provided a heuristic that predicts that there are approximately

loglogx Wieferich primes among the primes up to x. This is a very thin subset of primes.

Despite the prediction that almost all primes are non-Wieferich primes, the infinitude of

the set of non-Wieferich primes has not been proven unconditionally. In Chapter 2, some

conjectural theorems on the size of the set of non-Wieferich primes in certain arithmetic

progressions are proved. They are Theorems 2.2 and 2.16. We then investigated a gen-

eralization of the notion of Wieferich primes to integers greater than one. Heuristically,

the set of Wieferich numbers up to x has order of magnitude logx. Similar to the set of

Wieferich primes, no unconditional result on the size of the set of Wieferich numbers are

known. However, we described a relation between the size of the set of Wieferich primes

and the set of Wieferich numbers. We presented the largest element of the set of Wieferich

numbers, assuming that the set of Wieferich primes is finite. In Theorem 2.17 we stated

and proved this fact. It is shown unconditionally in Theorem 2.24 that the size of the set

of non-Wieferich numbers in any base is infinite, although the lower bound obtained is far

from the expected size of the set of Wieferich numbers.

In another direction we explored the notion of Wieferich primes and Wieferich numbers

in quadratic fields of class number one, a special type of number fields. In Theorem 3.2 we

proved a relation between Wieferich primes in Z and Wieferich primes in quadratic fields

of class number one. Speaking of Wieferich numbers, a criterion for Wieferich numbers in
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quadratic fields of class number one has been proved in Theorem 3.6. From the criterion

we concluded that, in Q(i) there are infinitely many Wieferich numbers in certain bases.

In the last chapter we proved that there are only finitely many pairs (m,n) such that the

congruence gm−gn ≡ 0 (mod f m− f n) is satisfied for given polynomials f and g ∈ C[x],

with deg f ≤ deg g. Moreover, in Theorem 4.8 we showed how to find these pairs explicitly

when f and g satisfy the relation (1/2) deg g < deg f ≤ deg g.

In continuation of the topics considered in the thesis, one may consider the following :

• Studying the size of the set of non-Wieferich primes in the arithmetic progression

p≡ a (mod k).

• Investigating the size of the set of Wieferich numbers (respectively, non-Wieferich

numbers) in a fixed congruence class.

• Investigating the relation of Conjecture 2.10 with the abc-conjecture for composite

n.

• Studying Wieferich primes and non-Wieferich primes in other number fields (such as

cubic fields).

• Exploring possible generalization of Theorems 3.2 and 3.6 to quadratic fields of class

number greater than one and general number fields.

• Investigating the possibility of an effective version of Theorem 4.2 for two given

polynomials f and g with deg f ≤ deg g.
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Appendix A

Tables

Table A.1: Values of λ(Φn(a))≥ 2 for 1≤ a≤ 100

a n λ(Φn(a))
3 2 2
3 5 2
5 1 2
8 2 2
9 1 3
10 1 2
15 2 4
17 1 4
18 3 3
19 6 3
24 2 2
26 1 2
26 2 3
28 1 3
31 2 5
33 1 5
35 2 2
37 1 2
47 2 2.16056
48 2 2
49 1 2.16056
50 1 2
53 2 2.22629
55 1 2.22629
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a n λ(Φn(a))
63 2 6
65 1 6
71 2 2.38685
73 1 2.38685
80 2 4
82 1 4
95 2 2.54741
97 1 2.54741
99 2 2
101 1 2
107 2 2.61315

76



A. TABLES

Table A.2: The largest known Wieferich numbers in some bases 2≤ a≤ 30.

a Wieferich primes p base a Largest Wieferich number
2 1093, 3511 36×5×7×132×1093×3511
3 11, 1006003 214 × 52 × 7× 11× 41× 83× 499×

55889×1006003
4 1093, 3511 36×5×7×132×1093×3511
6 66161, 281409, 534851 56 × 73 × 11 × 17 × 19 × 23 × 29 ×

41×47×59×281×409×563×827×
3152573×66161×281409×534851

7 5, 491531 29 × 35 × 53 × 11× 13× 19× 199×
491531

8 3, 1093, 3511 37×5×7×132×1093×3511
9 2, 11, 1006003 216 × 52 × 7× 11× 41× 83× 499×

55889×1006003
10 3, 487, 56598313 312 × 7× 11× 13× 23× 31× 127×

487×599×56598313
11 71 26×33×5×7×71
12 2693, 123653 5×7×19×271×673×1627×2693×

123653
13 2, 863, 1747591 217× 34× 53× 72× 43× 431× 863×

4481×1747591
18 5, 7, 37, 331, 33923, 1284043 54 × 74 × 11 × 13 × 17 × 37 × 43 ×

137 × 331 × 823 × 24232 × 8231 ×
214007×33923×1284043

19 3, 7, 13, 43, 137, 63061489 223 × 39 × 74 × 132 × 17× 43× 53×
73×107×137×857×63061489

20 281, 46457, 9377747, 122959073 310 × 74 × 17 × 293 × 59 × 281 ×
433 × 883 × 1451 × 2903 × 46457 ×
132499×122959073

21 2 2
24 5, 25633 52×43×89×25633
27 11, 1006003 214 × 52 × 7× 11× 41× 83× 499×

55889×1006003
28 3, 19, 23 34×5×11×19×23
29 2 2
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Table A.3: Q(i)-Wieferich primes π in base a where N(π)≤ 4000 and N(a)≤ 30

Norm Base K-Wieferich primes

2
1+ i 33−2i, 33+2i
1− i 33−2i, 33+2i

4
2i 33−2i, 33+2i
2 33−2i, 33+2i

5

1+2i 1−4i,−15−4i,−19−10i
1−2i 1+4i,−15+4i,−19+10i
2+ i 1+4i,−15+4i,−19+10i
2− i 1−4i,−15−4i,−19−10i

8
2i+2 3,33−2i,33+2i
2i−2 3,33−2i,33+2i

9
3i 11
3 11

10

3+ i 5+8i, −7+10i
3− i 5−8i, −7−10i
3i+1 5−8i,−7−10i
3i−1 5+8i,−7+10i

13

2+3i −19+16i
2−3i −19−16i
3+2i −19−16i
3−2i −19+16i

16
4i 33−2i,33+2i
4 33−2i,33+2i

17

1+4i *
1−4i *
i+4 *
i−4 *

18
3+3i 7,1+2i,1−2i,1+6i,1−6i
3−3i 7,1+2i,1−2i,1+6i,1−6i

20

2+4i 1−2i
2−4i 1+2i
4+2i 1+2i
4−2i 1−2i

25

5i *
3+4i 1+4i,−15+4i,−19+10i
3−4i 1−4i,−15−4i,−19−10i
4+3i 1−4i,−15−4i,−19−10i
4−3i 1+4i,−15+4i,−19+10i
5 *

26

1+5i *
1−5i *
5+ i *
5− i *

29

2+5i 5−4i,9+10i,5+36i
2+5i 5+4i,9−10i,5−36i
5+2i 5−4i,9+10i,5+36i
5−2i 5−4i,9+10i,5+36i
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Table A.4: Some Q(i)-Wieferich numbers with prime divisors above inert primes

Norm Base K-Wieferich number with inert prime divisors

2
1+ i 3(33+2i)
1− i 3(33+2i)i

4
2i 3(33+2i)
2 3(33+2i)

5

1+2i 3(1−2i)(15+4i)
1−2i 3(1−2i)(15+4i)
2+ i 3(1+ i)(15−4i)
2− i 3(1−2i)(1−4i)(15+4i)

8
2i+2 3(33+2i)
2i−2 3(33+2i)

9
3i (1+ i)311(1−2i)
3 (1+ i)311(1−2i)

10
3+ i 11(5+8i)
3i−1 3(33+2i)

16
4 3(3+2i)(33+2i)
4i 3(3+2i)(33+2i)

18
3+3i 7(1+6i)
3−3i 7(1+6i)

20
2+4i 47+72i
4−2i 47+72i

25

3+4i 3(1+ i)(15−4i)
3−4i 3(1+ i)3(1−2i)(15+4i)
4+3i 3(1+ i)3(1−2i)(15+4i)
4−3i 3(1+ i)(15−4i)

29

2+5i 3i(1+ i)2(9+10i)
2−5i 3(1−2i)(−5+36i)
5+2i 3(1−2i)(−5+36i)
5−2i 3i(1+ i)2(9+10i)
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Table A.5: All solutions (m,n) of f m− f n|gm−gn

f g (m,n)
x2 + x+1 x3 + x2 +2x+1 (2,0)
x2 + x+1 x3 +2x2 +3x+1 (2,0)
2x2 + x+1 4x3 +4x2 +5x+1 (2,0)
2x2 + x+1 4x3 +2x2 +4x+1 (2,0)
2x2 +2x+1 2x3 +2x2 +2x+1 (2,0)
2x2 +2x+1 2x3 +4x2 +4x+1 (2,0)
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