
 

Mathematics and Computer Science 

 

DR. ROBERT WOODROW 

Professor, Pure Mathematics, University of Calgary 

“Intervals in Binary Relational Structures” 

Tuesday – November 8, 2011 
E575, 12:00 to 12:50 p.m. 

 

The notion of interval for Relational Structures was introduced by Roland Fraisse, abstracting from the notion of 
interval in a linear order.  In the case of structures determined by a family of binary relations on a set S, a set M is 
called an interval just in case for each x not in M and y and z in M the relationship of x to y and of x to z is the same 
for each of the binary relations R (and their duals R*, where R*uv holds iff Rvu is true.)   This notion has been used 
in the study of the structure of many types of families, including graphs, tournaments, partial orders and others, 
and various terms have been used, including module, clan, autonomous subset and homogeneous subset.  One 
can also define the notion of a Binary Structure of Rank k on S as a mapping B from SxS to k, and then the 
definition of interval becomes B(x,y)=B(x,z) and B(y,x)=B(y,z) , for x not in M and for y,z in M. 

The family of intervals satisfies some basic properties: 

• The empty set, singletons, and the full set are intervals. 
• For every family F of intervals its intersection is an interval. 
• If X and Y are intervals and their intersection is non empty, then the union is an interval. 
• Given intervals X and Y, if the difference X\Y is non-empty, then y\X is an interval. 
• The union of an arbitrary up-directed set of intervals is an interval. 

A family of subsets of X possessing the properties above is called weakly partitive.  In a paper of Pierre Ille and 
myself, it is shown that every weakly partitive family is the family of intervals of a Binary Relational Structure. 

The empty set, the universe, and the singletons are called trivial intervals.  Structures with no non-trivial intervals 
form the building blocks for extensions of structures using the notion of lexicographic sum.  In a work that is 
nearing submission, Boussaïri, Ille, and I consider the question of the minimal cardinality of a set of elements that 
must be added to a Two Structure to obtain a structure having no non-trivial intervals.  This question has been 
studied for finite relational structures by Brignall, Brignall, Rusac and Vater, and by Boussaïri and Ille (for graphs).  
The case of tournaments (both finite and infinite) was resolved by Erdös, Fried, Hajnal and Milner.   

In this talk, I will attempt to outline the problems and give a flavor of the techniques that are used to study the two 
questions.   
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